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Abstract

We propose a simulation method inspired by self-organization that drives Ising-like magnetic
systems rapidly to criticality. We develop a feedback control rule with very few parameters for
use with the standard methods of local spin updatings that spontaneously leads the system to
the critical temperature. This method for predicting the critical values requires small lattices.
It gives good results eg., 1% accuracy for TC in 3-D for 103 systems, with reduced computer
times, for both Glauber and Metropolis dynamics. c© 1999 Elsevier Science B.V. All rights
reserved.

1. Introduction

There are a number of numerical methods for determining the critical points of
spin models [1–6]. These models, such as the Ising model, the Potts model, Heisen-
berg model etc., are important because they describe a wide variety of natural sys-
tems, some of which present interesting features like phase transitions and critical
phenomena [7,8]. Solving these models continues to present a challenge to physi-
cists because they have very many degrees of freedom, of the order of 1010. Sta-
tistical Mechanics can be applied to the study of these complex systems, but exact
solutions are usually di�cult to obtain and there is no guarantee of �nding ana-
lytical results for a given model [9,20,21]. The general Monte Carlo method com-
prises a class of algorithms for estimating desired expectation values by randomly
sampling the con�guration (or phase) spaces [2–5]. The original speci�c methods
employed local spin update, but there are more recent methods that use non-local
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spin updates, as well as algorithms based on renormalization group theory [10,22–
24]. The Swendsen–Wang (SW) algorithm [11], known as a cluster algorithm, up-
dates entire clusters simultaneously (each cluster can change independently). The Wol�
single-cluster algorithm [12] is a generalization of the SW algorithm that can give
better results in higher dimensions [13,14]. Even with these great advances, �nd-
ing the critical points continues to present challenges because such methods require
that the temperature be “tuned”, either through human input or else by computer
algorithms.
Here we develop a more e�cient method based on self-organized criticality (SOC)

[15] for obtaining critical points, with relatively small computation times and lattice
sizes. We test the new method to calculate the critical temperature and magnetization
curve in the Ising model in two and three dimensional (2-D and 3-D) lattices and we
compare the results with those obtained by the traditional methods.

2. Method

First, we describe the new dynamic feedback control mechanism, with only two
parameters, that automatically “tunes” the temperature (or equivalent quantity) to the
critical point, as in SOC. Once a good average for the magnetization M (t) is found
for the temperature as described below, we update the temperature using this control
mechanism and repeat the entire process to calculate the magnetization for the new
temperature. Speci�cally, we update the temperature as follows:

Kt+1 = Kt − �(M (t)−M0) ; (1)

where K ≡ J=kBT , � is a constant and M0 is a small but �nite arbitrary magnetization
chosen to identify a position near the critical point (e.g., M0 ≈ 10−3), and t=1; 2; 3; : : :
is the iteration number. The parameter � is like a “spring constant” while M0 is the
desired “equilibrium point”. As t becomes large, the measured magnetization M (t)
will approach M0 and K will approach the critical value KC . The system will thus
spontaneously �nd the critical point if M0 → 0. In practice, even M0 ≈ 10−2 is good
enough to give the critical point to an excellent precision (e.g., 1% accuracy for TC in
3-D for 103 systems).
We describe our method by applying it to the Ising model, de�ned by

E =−J
∑
〈i; j〉

SiSj : (2)

For simplicity, we assume without loss of generality that J=KB = 1.
First, we produce an initial con�guration {Si} with all Si = +1, i.e., all spins up

for a system of size L. Then we update the system L2=2 number of times to reach
thermalization, using the following Monte Carlo simulation rules. In each Monte Carlo
time step we apply the following:
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(1) Compute the energy Ei (initial energy) of the con�guration according to Eq. (2).
(2) Calculate the probability associated with spin ipping in Glauber [16] or Metropo-

lis [17] dynamics: (� ≡ 1=kBT ).
Glauber case : PG = [1 + exp(−2�Ei)]−1 :
Metropolis case : PM = exp(−2�Ei) : (3)

(3) Flip the spin appropriately depending on whether one uses Glauber or Metropolis:
Glauber case: if Si =−1 then ip Si → −Si with probability P; if Si =+1 then ip

with probability 1− P.
Metropolis case: if �E60 then ip Si → −Si; if �E¿ 0 then ip Si → −Si with

probability P, where �E = Etr − Ei, and Etr is the energy if the spin is ipped. After
thermalizing the system, we calculate the time average M of the magnetization

M ≡
(
1
nL2

)∑
i;�

Si(�) ; (4)

over n= L2 Monte Carlo time steps. To obtain good statistics, we use Ns =200 initial
con�gurations to obtain an ensemble average for the mean magnetization.

M (t) ≡ 〈M 〉Ns : (5)

To do the statistical averaging and to obtain the critical temperature we use: 2×102
samples to calculate the magnetization, L2=2 thermalization steps, and L2 Monte Carlo
steps. The parameters used above are found to work well, typically through trial and
error.
After calculating a good average for the magnetization M (t) as described above,

we update the temperature using Eq. (1) and repeat the entire process to calculate the
magnetization for the new temperature.

3. Results

We apply the above method to �nd critical temperatures quickly in small lattices
using the iterative process described above. We note that our method is successful in
�nding good values for the critical points using the Metropolis algorithms in 2-D and
Glauber dynamics in 3-D. We also use larger lattices (L = 100) for completeness, to
see more clearly how our method behaves.
We consider ferromagnetic interactions in system sizes of 20×20 (Fig. 1a), 40×40

(Fig. 1b), 60×60 (Fig. 2a) and 100×100 (Fig. 2b) in 2-D. We choose the ferromagnetic
interaction because of its importance in physics, it is simple, and there is consequently
a vast literature on the subject.
Our method can also be adapted to other types of dynamics besides Glauber dynamics

and Metropolis algorithm. For Glauber dynamics we obtain the critical temperatures
shown in (Table 1) for lattices of size 20× 20 (Fig. 1c), 40× 40 (Fig. 1d), 60× 60
(Fig. 2c) and 100× 100 (Fig. 2d). For Metropolis we �nd similar results also shown
in (Table 2) for lattices of size 20× 20 (Fig. 3c) and 40× 40 (Fig. 3d). We know
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Fig. 1. (a) Magnetizations results of 20× 20 lattice and (b) 40× 40 lattice in 2-D using Glauber dynamics.
Our method easily generates the magnetization. (c) temperature vs. time for the same simulations, where
we apply our method to �nd critical temperatures quickly in small lattices. For a (c) 20× 20 lattice we get
T = 2:53 (T=TC = 1:11) and (d) 40× 40 lattice we get T = 2:41 (T=TC = 1:06). We �nd errors of 11% and
6%, respectively good for such small lattices. The critical temperature for 2-D is known analytically to be
TC = 2:269185.

analytically that for 2-D the critical temperature is TC=2:269185. For the Glauber case
we thus �nd errors of 4− 11%, while for Metropolis we �nd errors of 4− 6%.
For 3-D dimensions, we obtain good results for a 103 lattice (Fig. 4b), using the

Glauber dynamics. In the literature the value of the critical temperature is not known
analytically, but only numerically: TC ' 4:511617. We �nd an error of less than 1%!
For the Metropolis algorithm for 3-D, we expect the results would be as good, if not
better (future work).
Whereas the standard method requires trial and error for �nding the critical point, the

SOC method presented here �nds it automatically. It can also be used to obtain the en-
tire magnetization curve. With an initial small nonzero magnetization and temperature,
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Fig. 2. Magnetizations results of a (a) 60 × 60 lattice and (b) 100 × 100 lattice in 2-D using Glauber
dynamics for system sizes (c) L = 60 and (d) L = 100 respectively. We get T = 2:38 (T=TC = 1:05) and
T = 2:37 (T=TC = 1:04). The error for this lattices are near 4%, the critical temperature is TC = 2:269185.

Table 1
Critical temperatures found using the automatic feedback control mechanism, for
various system sizes. We use Glauber dynamics. The results are surprisingly good
given the modest lattice sizes. The last column shows the known critical tempera-
tures found from the existing literature

Table of critical temperatures
System size Glauber TC

T T=TC error

202 2:53 1:11 11% 2:269185
402 2:41 1:06 6% 2:269185
602 2:38 1:05 5% 2:269185
1002 2:37 1:04 4% 2:269185
103 4:56 1:01 1% ' 4:511617
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Table 2
Critical temperatures found using the automatic feedback control mechanism.
We �nd good results using the Metropolis algorithm

Table of critical temperatures
System size Metropolis TC

T T=TC error

202 2:40 1:06 6% 2:269185
402 2:37 1:04 4% 2:269185

Fig. 3. Magnetization curve of (a) 20×20 lattice and (b) 40×40 lattice in 2-D for the Metropolis algorithm.
(c) temperature vs. time for the same simulations. For a (c) 20× 20 lattice we get T = 2:40 (T=TC = 1:06)
and (d) 40× 40 lattice we get T = 2:37 (T=TC = 1:04). We �nd an error of 6% and 4% respectively good
for such small lattice. The critical temperature for 2-D is TC = 2:269185.

the system goes automatically to the critical point, driven by the control mechanism.
We �nd the magnetization curve (Figs. 1 and 2) simultaneously while calculating
the critical point. We repeat the same procedure for 3-D systems (Fig. 4a), and ob-
tain similar results. We obtain better results in 2-D using the Metropolis algorithm
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Fig. 4. (a) Magnetization curve of a 103 lattice in 3-D using the Glauber dynamic. (b) temperature vs. time
using the SOC method. We obtain T = 4:56 (T=TC = 1:01073), equivalent to an error of 1%. The critical
temperature for 3-D is known numerically to be TC ' 4:511617.

Fig. 5. (a) Magnetization curve for various values of �, showing that the method is independent of �. We
used Metropolis on a 20× 20 lattice. (b) Magnetization curve picking various values of M0 between 1 and
0, then calculating their respective temperature. The critical temperature for 2-D is TC = 2:269185.

(Fig. 3), instead of Glauber dynamics (although the di�erences in the results are mi-
nor). We also calculated the magnetization curve (Fig. 5b) by other methods, e.g, by
picking various values of M0 between 1 and 0, then calculating their respective tem-
perature. After extrapolating for an in�nite system to minimize �nite size e�ects, we
�nd the magnetization curve.
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4. Discussion

This method was inspired by the SOC model that was applied to polymers [18]
and percolation [19]. However for those cases, growth is involved, while in the Ising
model the lattice size is �xed. This opens the possibility to apply the method for other
models. Our method can also be applied in dilute Potts systems and in systems with
competing interactions.
We have e�ectively taken a temperature-tuned static Ising model and transformed it

into a dynamic SOC systems. The dynamics drives the system automatically towards
the critical point, and the magnetization eventually begins to oscillate around M0. This
method can �nd the critical point much faster than the equivalent static local update
method. Indeed in our method we need only about ten iterations of the feedback
control rule, while for the standard methods it takes much longer to reach the critical
point.
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