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We present a semi-classical theory, based on the torque equation of motion for the magnetization,
to investigate the spin wave spectra in magnetic superlattices, whose constituents are alternating
ferromagnetic and antiferromagnetic layers. We consider the presence of an external magnetic
field applied in the plane of the layers and parallel to the easy axis of the structure, supposed to
be in the z-direction. By using a transfer-matrix approach, to simplify the algebra which is other-
wise quite complex, we explicitly obtain the analytical expression for the spin wave’s dispersion
relation. For numerical purpose, we confine our discussion to uniaxial antiferromagnetic fluorides
(e.g. MnF2), while the ferromagnetic material is considered to be EuS. We illustrate our theoretical
results numerically, and compare them with previous works done by using a microscopic Heisen-
berg model.

1. Introduction

As a result of advances in fabrication techniques, superlattice structures of impressive
quality are now synthesized from films composed of a wide variety of materials. These
structures form an intriguing new class of artificial crystals because their macroscopic
properties are subject to design (or control) by varying the thickness or composition of
the constituent films; in fact some of these properties may be unique to the multilayer
structure (for a review see [1, 2]). Recent advances encompass films of ferromagnetic
metals (e.g. Ni or Fe), as well as rare-earth crystals, including spiral spin materials with
non-magnetic spacers in between [3–7].
Theoretical studies of spin wave excitations in magnetic superlattices have been also

extensively studied by considering the nature of the solutions for the appropriate wave
field in each film. They are then linked together through appropriate boundary condi-
tions and the assistance of Bloch’s theorem. The surfaces and interfaces in these
layered structures play an important role in the properties of the entire system and,
indeed, most of the interesting properties of these excitations are due to the surface
and interface effects. Many of these works have been concerned with the spin wave
excitations at the low-temperature regime, where at least one of the components is a
ferromagnetic or an antiferromagnetic material. Furthermore, depending on the relative
importance of the magnetic dipole–dipole and exchange interactions, different models
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for the magnetic behavior can be employed. For instance, for sufficiently small values
of the excitation wave vector, dipolar effects are dominant and magnetostatic modes
should propagate in such superlattices [8, 9]. On the other hand, at large excitation
wave vectors typically greater than 108 m�1 in a ferromagnet, exchange interaction,
which is the restoring force for spin waves, will be dominant [10, 11]. On the experi-
mental side, the use of Brillouin scattering spectroscopy has proved to be an important
tool to probe experimentally some theoretical predictions of these excitations [12]. Be-
sides, a knowledge of the spectrum of the spin waves in a superlattice allows one to
describe its linear response to an external source, such as an electromagnetic wave [13].
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Fig. 1. Schematic representation of the magnetic superlattice used in this work. Here JA and JB are
the exchange coupling terms for the ferromagnetic (A) and antiferromagnetic (B) layer, respectively,
while I is the exchange coupling term for the interface between the two types of layers
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Fig. 2. The non-trivial six types of configurations of ferromagnetic (FM) and antiferromagnetic
(AFM) magnetic structures used in this work



It is the aim of this work to study interactions among neighboring spins that create
collective spin wave excitations in magnetic multilayer structures consisting of ferromag-
netic (FM) films (e.g. EuS) coupled to antiferromagnetic (AFM) layers (e.g. MnF2). We
consider the torque equation of motion for the magnetization [14], which is the semi-
classical analog of the quantum-mechanical spin operator equation. Besides we use a
transfer matrix approach method, successfully applied to study simpler superlattices
structures consisting of uniformly ferromagnetic or uniformly antiferromagnetic materi-
als [15]. This method is here extended to take into account the more complex ferro/
antiferromagnetic superlattice structure, as depicted in Fig. 1, with a being the lattice
parameter, JAðJBÞ the exchange term in the ferromagnetic (antiferromagnetic) material,
and I the exchange coupling at the interface of the two materials. We define the length
of the superlattice unitary cell as D ¼ na, where n ¼ nA þ nB, nA being the number of
layers in the ferromagnetic material (A) and nB the number of layers in the antiferro-
magnetic material (B). The l-th unit cell lies in the interval z ¼ lD up to z ¼ ðl þ 1ÞD.
There are eight types of configurations for ferromagnetic and antiferromagnetic mag-

netic structures, although it can be argued that two of them are rather unimportant. We
confine our investigation to the study of the remaining six types of configurations,
shown in Fig. 2. Each lattice has a magnetic unitary cell length depending on the spin
plane of each layer. For example, if we look at the configurations b and f in Fig. 2, we
notice that they are similar because they possess the same number of layers in the
ferromagnetic layer and the spins are always aligned in the direction of positive ẑz. How-
ever, for the former case (configuration b) the unitary magnetic cell of the structure is
ðnA þ nBÞ, while for configuration f there are alternating layers in the direction of posi-
tive ẑz with others in the negative ẑz direction, and therefore its superlattice magnetic
unitary cell is 2ðnA þ nBÞ.
The plan of this work is as follows: in Section 2, we present the method of calcula-

tion employed here, which is based on the torque equation of motion approach, to
study the problem of coupled thin ferro/antiferromagnetic films. The dispersion relation
of the spin waves is then determined by using the transfer matrix treatment to take into
account the whole superlattice structure. Section 3 is devoted to the numerical presenta-
tion of the analytical results found in the precedent section, emphasizing their main
features.

2. General Theory

In this section we present the general model to describe the spin wave dispersion rela-
tion of the configurations shown in Fig. 2. The well known torque equation for the
magnetization on film p is given by

@Sp=@t ¼ ð2Jp=�hÞ Sp � ðSpþ1 þ Sp�1Þ þ gSp � ðH0 þHAÞ ð1Þ

where g ¼ gmB�h is the gyromagnetic ratio, g being the Landé factor and mB the Bohr
magneton. We consider each site p occupied by a spin Sp, and assume (without loss of
generality) that the absolute value of the spin is constant and equal to S. The latter
assumption does not affect our central results, since the specific values of the spins are
usually only relevant in relation to the exchange constants and in the presence of a
strong anisotropic field. Also, H0 is an external magnetic field, here considered parallel
to the easy axis z, HA ¼ KS2zẑz is the uniaxial anisotropic field pointing in the z direc-
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tion, and Jp the neighbor exchange term. We will assume, for simplicity, the random
phase approximation (RPA) for the z-component of the spin. As a starting point for
the calculation of the dispersion relation, we use the configuration a of Fig. 2. The other
configurations can be calculated in a similar way.
Applying (1) to the spins 1; 2; 3; 4 shown in the schematic representation of the mag-

netic superlattice depicted in Fig. 1, we have the following equations of motion:

dF4
l =dt ¼ ð2I=�hÞ F4

l �A1
l þ ð2JA=�hÞ F4

l � F3
l þ gF4

l � ðH0 þHAÞ ; ð2Þ

dA1
l =dt ¼ ð2I=�hÞA1

l � F4
l þ ð2JB=�hÞA1

l �A2
l þ gA1

l � ðH0 þHAÞ ; ð3Þ

dA5
l =dt ¼ ð2I=�hÞA5

l � F1
lþ1 þ ð2JB=�hÞA5

l �A4
l þ gA5

l � ðH0 þHAÞ ; ð4Þ

dF1
lþ1=dt ¼ ð2I=�hÞ F1

lþ1 �A5
l þ ð2JA=�hÞ F1

lþ1 � F2
lþ1 þ gF1

lþ1 � ðH0 þHAÞ : ð5Þ

Here we consider, by convenience, the spin labeled by 1 as F4
l , the spin labeled by 2 as

A1
l , the spin labeled by 3 as A5

l and the spin labeled by 4 as F1
lþ1, where the subscript

l (l þ 1) denotes the appropriated magnetic layer, F(A) means the ferromagnetic (anti-
ferromagnetic) layer, and the superscript, the position of the magnetic site inside the
layer. Initially we work with four ferromagnetic and five antiferromagnetic layers to
facilitate the calculations. Then we generalize for any number of ferromagnetic and
antiferromagnetic layers.
Defining the operators

Fn1þ
l ¼ Fn1x

l þ iFn1y
l ; ð6Þ

An2þ
l ¼ An2x

l þ iAn2y
l ð7Þ

and adopting the following definitions: wI ¼ ð2IS=�hÞ, wEA ¼ ð2JAS=�hÞ, wEB ¼ ð2JBS=�h),
w0 ¼ gH0 and wA ¼ gHA, Eqs. (2)–(5) can be written as

AF4þ
l � wEAF

3þ
l ¼ wIA

1þ
l ; ð8Þ

wI F
4þ
l ¼ BA1þ

l þ wEBA
2þ
l ; ð9Þ

BA5þ
l � wEBA

4þ
l ¼ wIF

1þ
lþ1 ; ð10Þ

wI A
5þ
l ¼ AF1þ

lþ1 þ wEAF
2þ
lþ1 : ð11Þ

Here, A ¼ �wþ DA, B ¼ �wþ DB, with DA ¼ wI þ wEA þ w0 þ wA and DB is equal to
DA provided we replace wEA by wEB.
For the general case we suppose that there are nA spins in the ferromagnetic

material and nB spins in the antiferromagnetic one. The spin waves for each component
are a linear combination of positive and negative traveling plane waves, i.e.:

Fn1þ
l ¼ al exp ½ikAðz� rlAÞ� þ bl exp ½�ikAðz� rlAÞ� ; ð12Þ

An2þ
l ¼ cl exp ½ikBðz� rlBÞ� þ dl exp ½�ikBðz� rlBÞ� ; ð13Þ

where rlA and rlB are the positions of the left-hand layers of the corresponding com-
ponents in cell l, i.e., rlA ¼ lD and rlB ¼ ðlDþ nAaÞ. Also, kA(kB) is the wave vector,
z-component, of the spin wave in the FM (AFM) layer. The positions of the bounding
spins, defined as 1; 2; 3 and 4 (see Fig. 1), are then evaluated once we know rlA and rlB.
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After substituting (12) and (13) into (8)–(11), we re-arrange them as follows:

M
al
bl

� �
¼ N1

cl
dl

� �
; ð14Þ

N2
cl
dl

� �
¼ P

alþ1

blþ1

� �
; ð15Þ

where

M ¼
A� wEA exp ½ikAaðnA � 1Þ� A� wEA exp ½�ikAaðnA � 1Þ�

wI exp ðikAnAaÞ wI exp ð�ikAnAaÞ

 !
; ð16Þ

N1 ¼
wI exp ðikBaÞ wI exp ð�ikBaÞ

Bþ wEB exp ð2ikBaÞ Bþ wEB exp ð�2ikBaÞ

 !
; ð17Þ

N2 ¼
A� wEA exp ½ikBaðnB � 1Þ� A� wEA½�ikBaðnB � 1Þ�

wI exp ðikBnBaÞ wI exp ð�ikBnBaÞ

 !
; ð18Þ

P ¼
wI exp ½ikAaðnþ 1Þ� wI ½�ikAaðnþ 1Þ�

Bþ wEB exp ½ikAaðnþ 2Þ� Bþ wEB exp ½�ikAaðnþ 2Þ�

 !
: ð19Þ

A transfer matrix T can now be defined as T ¼ P�1N2N�1
1 M, in such a way that it

has the property of linking the coefficients of the vectorial displacement in a cell for
those in the precedent one, i.e.

alþ1

blþ1

� �
¼ T

al
bl

� �
: ð20Þ

Now we make use of the translational symmetry of the problem, considering the
Bloch ansatz

alþ1

blþ1

� �
¼ exp ðiQDÞ al

bl

� �
; ð21Þ

where Q is the Bloch wave vector. From (20) and (21) we obtain

½T � exp ðiQDÞ I� al
bl

� �
¼ 0 ; ð22Þ

where I it is the identity matrix. This equation can also be rewritten relating
ðAl�1;Bl�1Þ with ðAl;BlÞ in the following way:

½T�1 � exp ð�iQDÞ I� al
bl

� �
¼ 0 : ð23Þ

Combining (22) with (23) we obtain the following dispersion relation for the spin wave
collective mode in the superlattice:

cos ðQDÞ ¼ ð1=2Þ TrT ; ð24Þ

where TrT means the trace of the transfer matrix.
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3. Numerical Results and Conclusions

In this section we present some numerical illustrations of the spin wave dispersion
relation as a function of the dimensionless reduced frequency W ¼ �hw=SJA versus the
dimensionless Bloch wave vector QD. The physical parameters used here are those
appropriated to EuS (FM layer) and MnF2 (AFM layer) [16]. For all configurations we
took I=JA ¼ 1 as the exchange constant at the interface of the ferromagnetic material,
and I=JB ¼ 1:3 as the exchange constant at the interface of the antiferromagnetic mate-
rial, which is present in the configurations b; d; e; and f (see Fig. 2).
The spin wave spectrum for the spins shown in configuration a and for zero external

magnetic field is depicted in Fig. 3. We have considered nA ¼ 18 and nB ¼ 19. Observe
the zone-folding behavior in this spectrum, which is similar to those found experimen-
tally and theoretically (considering a Heisenberg microscopic model) for other magnetic
superlattices [17]. Besides, fixing the number nB of spins of the antiferromagnetic layers
and varying the number nA of spins of the ferromagnetic layers, the dispersion relation
shown in Fig. 3 is not modified. This can be observed for the configuration b also, but
not for the other configurations. This result is due to the fact that the size of the uni-
tary cell for the first two configurations (a and b) is half the size of the others (c to f ).
Since the structure is smaller, the ferromagnetic layer does not influence the dispersion
relation.
The case where we have an even number of antiferromagnetic layers is depicted

without and with the presence of an external magnetic field H0 in Figs. 4a and b, re-
spectively. We observe that when we apply an external magnetic field (w0=JA ¼ 0:5 in
this case) the lines suffer vertical displacement, keeping their overall structure. We also
note that when we increase the number of layers, the number of lines in the plots of
the dispersion relation also increases. This increase shows that adding more layers to
the superlattice leads to a larger variety in the W versus QD relationship. This happens
for all magnetic configurations. Finally, we see that for certain values of the exchange
coupling terms JA and JB the bulk dispersion relation for both the ferromagnetic and
antiferromagnetic materials, for some values of the anisotropic field wA, correspond to
values of W in the ferromagnetic material larger than those of the antiferromagnetic
one. The explanation for this phenomenon could be due to the fact that the anisotropy
field is important only to the antiferromagnetic material.
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Fig. 3. Dispersion relation W versus QD for the spin
wave bulk modes in the magnetic superlattice where
the number of layers in the antiferromagnet material is
odd (nA ¼ 18 and nB ¼ 19). There is no external mag-
netic field applied



Experimental tools to investigate our theoretical predictions include Brillouin light
scattering (BLS), magneto-optical Kerr effect (MOKE) and ferromagnetic resonance
(FMR). Our calculations are adequate to low wave number spin waves, and the analyti-
cal expressions derived here can be observed in either BLS experiments (for the dimen-
sionless Bloch wave vector QD 6¼ 0 modes) or FMR techniques (corresponding to the
QD ¼ 0 modes). These techniques are among the best methods to determine the inter-
layer exchange coupling between the ferromagnetic and antiferromagnet films, as used
in this work. Certainly the theoretical predictions shown here can be tested experimen-
tally, and we encourage experimentalists to carry out such studies.
In summary, we have calculated the dispersion relation for spin waves that propagate

in a hybrid ferromagnetic and antiferromagnetic superlattice. Our theory is based on a
semi-classical approach, with an anisotropic exchange field in the antiferromagnetic
material. We show that the coupling between antiferromagnetic and ferromagnetic
depends on the structure of each lattice, e.g., on the ordering of the layers. The method
presented here allows the characterization of the dispersion curve for several configura-
tions (Fig. 2) of the magnetic superlattices investigated. Possible applications include
spin valves and other multilayered devices.
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