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Abstract. – One of the most important aspects in the general search problem of finding ran-
domly located target sites concerns how to characterize the role played by the non-revisitability
delay time τ during which a previously found target becomes unavailable to the searcher. By
using an appropriate parameterization of the number of random walk steps undertaken between
successive targets, we show that for the case of sparse randomly distributed sites the optimal
search strategy shifts from a superdiffusive to a ballistic strategy consisting of essentially rec-
tilinear motion between the targets, as τ increases from τ → 0 to τ → ∞, respectively. The
crossover between these limiting regimes occurs as a function of τ . These conclusions are shown
to hold even if dissipative phenomena are considered in the searching dynamics. We discuss
the results in the context of their application to animal foraging.

Recently, much progress has been achieved [1–4] in solving the general random search
problem (RSP), i.e., adapting the best statistical strategy for finding randomly located revis-
itable or non-revisitable targets sites that can only be detected in the limited vicinity of the
searcher. Besides the applications in distinct areas as technology [5] and ecology [1, 6–8], the
RSP has a deep connection with a classic problem in physics [9,10]: how the root-mean-square
displacement scales with the number of steps of a random walker and how it leads to diffusive
and superdiffusive behavior [11–14]. Such a connection becomes clear by observing that the
mean number of flights taken by the searcher while traveling between two successive target
sites, Ns, appears explicitly in the random search statistical efficiency η = 1/(〈ℓ〉Ns), which is
the function to be optimized [2]. 〈ℓ〉 is the mean flight distance traveled in each flight step.

A key aspect in the RSP relates to determining how the best strategy varies with respect
to the delay time τ during which a target site just found becomes unavailable to subsequent
visits [15]. The importance of this question can be appreciated, for instance, by mentioning
that in the context of animal foraging [1–4, 6–8] such a non-revisitability time is quite an
important parameter and emerges due to the fact that, in Nature, realistic targets cannot be
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revisited an infinite number of times, nor do they necessarily disappear forever. A general
study in ref. [15] shows that: i) the optimal search strategy is always given by a power
law distribution, whose exponent necessarily must change depending on the delay time; and
ii) arbitrary locomotion energy costs do not alter those optimal strategies.

In this contribution we take a further step to understand the delayed RSP by showing how
to characterize the different dynamical regimes, either ballistic or superdiffusive, of optimal
random searches and discuss how the crossover between them takes place. We do so by
extending the results in [15] and effectively interpolating Ns between two limiting cases for
which the expressions are known; τ → 0, corresponding to targets that regenerate arbitrarily
quickly, and τ → ∞, related to targets that vanish after a single visit, i.e., non-revisitable
targets. In the latter case, efficient random search trajectories present essentially rectilinear
ballistic dynamics associated with a power law probability distribution of long-distance steps
P ∼ ℓ−µ, with µ → 1. In the former, optimal µ ≈ 2 strategies give rise to superdiffusive
searches typically related to Lévy processes. We discuss the crossover between these two
dynamical regimes as a function of τ with basis on the changes of Ns resulting in a continuous
variation of the optimal exponent between the limiting cases, 1 < µopt(τ) ≤ 2. The space-
limited Gaussian strategies (corresponding to µ > 3) are always found to be rather inefficient.
Such results are shown to hold even if dissipative phenomena are taken into account in the
searching dynamics, even though in some cases energy constraints might significantly limit
the range of acceptable values for µ in the crossover regime, as we show explicitly.

The RSP has motivated several studies [1–3,8] that find that the optimal truncated power
law distribution of flight lengths ℓj taken by the searcher is [1, 2, 8, 11,12]

P (ℓj) ∼ ℓ−µ
j , with ℓj > ℓ0 , 1 < µ < 3. (1)

Here, ℓ0 is a lower cutoff related to the persistence length of the random walk (for instance,
due to the inertia of the animal motion) and j labels the j-th step. The advantage of the
distribution (1) lies in the fact that the parameter µ naturally selects the optimal asymptotic
distribution as being Lévy (1 < µ < 3) or Gaussian (µ ≥ 3), due to the generalized central
limit theorem. The case µ < 1 does not correspond to normalizable distributions. The
value µ = µopt = 2 is the optimal strategy when the target sites are sparse and can be
visited any number of times (unrestricted non-destructive case). However, if a target site
can be visited only once (destructive case), then µ takes on an optimal value µopt → 1,
corresponding essentially to rectilinear ballistic motion between targets, since there is no
advantage in returning to a previously visited site. These findings, originally reported in
ref. [2], are consistent with more recent analytical results obtained using fractional differential
equations with a Riesz kernel [16]. Also, experimental data on foraging for different animal
species appear consistent with the theoretical predictions [1–3,8].

To study the role of the non-revisitability delay time τ and dissipative phenomena, we
consider a foraging model where a searcher looks for randomly distributed target sites by
following three locomotion rules (for details see refs. [2, 15]):

A) If there are target sites located within a “direct vision” distance rv, then the searcher
moves on a straight line to the nearest detected site.

B) If there are no target sites within rv, the searcher chooses a direction at random and a
j-th step length ℓj from the probability distribution (1), and then incrementally moves
to the new point, constantly looking for a target site within a distance rv along its
way. If the searcher does not detect a site, it stops after traversing the distance ℓj and
chooses a new direction and a new distance ℓj+1; otherwise, it proceeds to the target as
in rule A).
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Fig. 1 – Typical behavior of the relative statistical efficiency η(µ)/ηopt, for both non-destructive and
destructive cases (λ/rv = 104).

C) In the case a target site is detected by applying rule B), it becomes unavailable for future
visits during a time τ , after which it regenerates.

Note that τ → 0 would lead to a trapping, since in the limit the searcher cannot leave a
target site due to the direct vision mechanism. We prevent such effect by just “turning off”
this target only during the first step undertaken by the searcher to leave it.

We ask under which circumstances the truncated power law distribution (1) accounts for
the existence of an optimal strategy, i.e., a µ = µopt which maximizes the search efficiency η.
Considering the suitable approximation that associates the same statistical weight to all long-
distance ℓj > λ steps, with λ the characteristic spacing of the target-site Poisson distribution,
then 〈ℓ〉 is given by [2]

〈ℓ〉 ≈
[

(µ − 1)/(2− µ)
](

λ2−µ − r2−µ
v

)

/r1−µ
v + λ2−µ/r1−µ

v . (2)

By considering a Lévy flyer of order α = µ − 1, which starts a distance x on an interval
[0, λ] with absorbing boundaries, it has been shown [16,17] that Ns scales as

Ns ∼
[

x(λ − x)
]

µ−1

2 . (3)

The scaling of Ns with λ changes depending on the distances x and λ − x to the nearest two
target sites [2,16,17]. The limiting cases are Ns ∼ λ(µ−1)/2 for x ≈ rv ≪ λ and Ns ∼ λµ−1 for
x ≈ λ/2. The first value for Ns represents the situation in which the target sites can be visited
any number of times (non-destructive foraging) and η has a single maximum at µopt → 2.
The second relates to the case where, once visited, the target site is irreversibly destroyed
(destructive foraging) [18], leading the statistical efficiency to be maximized for asymptotic
power law distributions of flight lengths with µopt = 1+. Figure 1 shows typical behaviors of
η in both the non-destructive and destructive cases.

Based on these results, we write the mean number of flights taken between successive
target sites as follows:

Ns ∼ λ(µ−1)/Γ, (4)

in which Γ = 2 and Γ = 1 correspond to the two limiting cases. Indeed, one could recover
eq. (3) by just setting Γ = 2 lnλ/[lnx(λ − x)]. So, the introduction of Γ is a convenient
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Fig. 2 – Plot of δ ≡ 2 − µopt, from eq. (5), as a function of Γ for chosen values of λ/rv. The inset
shows η(µ)/ηopt for λ/rv = 5000 and two values of Γ. Note the crossover from non-destructive to
destructive foraging behavior.

way to reparameterize Ns, instead of using the absorbing boundary system parameters. Now,
we can incorporate the delay time τ as follows. The non-destructive and destructive RSPs
correspond to τ → 0 and τ → ∞, respectively. For a general τ ≥ 0, we then define an arbitrary
monotonically decreasing function Γ(τ), where Γ → 2 as τ → 0, and Γ → 1 as τ → ∞. The
advantage of introducing Γ is that we do not need to know its explicitly dependence on τ
and on the other foraging parameters. We can characterize the searching regimes simply by
analyzing η for different values of Γ, which represent different revisitability delays.

Since Ns increases monotonically with τ and so decreases with Γ (for fixed µ and λ/rv),
then if we define µopt = 2− δ, 0 ≤ δ < 1, the maximization of η(µ) implies

{

1− (λ/rv)
δ
}

Γ +
{

(Γ− 1)(λ/rv)
δ + 1− δ

}

δ ln[λ/rv] = 0. (5)

For Γ > Γmin = ln[λ/rv]/(ln[λ/rv]−1+(λ/rv)
−1) and fixed λ/rv, the solution of eq. (5) leads

to a single peak in η at 1 < µopt(τ) ≤ 2, so µopt decreases with respect to the non-destructive
case. For Γ < Γmin, η presents a maximum at µ = 1+, decreasing monotonically for µ > 1,
similarly to the destructive case. Here Γmin relates to the revisitability threshold for there to
be a peak in η(µ) for a physical value of µ. In addition, the crossover between the limiting
τ → 0 and τ → ∞ regimes is driven by Γ(τ), provided Γ(τ) > Γmin.

In fig. 2 we plot δ as a function of Γ for some values of λ/rv. For different λ/rv, distinct
values of Γmin arise for which δ → 1. We also see that Γmin decreases for increasing λ/rv. In
the inset we display η(µ) for λ/rv = 5×103 (so Γmin ≈ 1.13), with Γ = 1.35 (µopt ≈ 1.58) and
Γ = 1.14 (µopt ≈ 1.04). Both cases cross over between the limiting µopt → 1 and µopt → 2
regimes. Γ = 1.35 is a typical example showing the similarity of the general case (for Γ > Γmin)
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Fig. 3 – η(µ)/ηopt from numerical simulations in 2D for four values of the delay time τ (in units of
∆), with λ/rv = 5000. Note the crossover from unrestricted non-destructive to destructive foraging
behavior.

with the non-destructive one. In such a case, the random walker searches efficiently for target
sites in a superdiffusive way typical of Lévy processes. On the other hand, for Γ = 1.14 (which
is close to Γmin), η starts to resemble the destructive efficiency, and the optimal ballistic search
consists essentially of rectilinear long steps.

In fig. 3 we show results for η(µ) from numerical simulations in 2D for delay times τ =
0, 0.01∆, 0.1∆, and ∆, where ∆ is the time necessary to travel a distance λ in a straight line.
The analytical and numerical results agree, e.g., the cases for τ = 0.01∆ and τ = ∆ with the
curves in the inset of fig. 2. The crossover between the limiting regimes is clear.

In assuming that the influence of τ on the search efficiency can be modeled solely by
considering the effect of τ on Γ and hence on Ns, we are implicitly assuming that each step,
whether long or short, whether soon after target visitation, or long afterwards, consumes the
same amount of energy per distance traveled. The above results, based on a statistically
defined efficiency function, do not take into account the role of dissipative phenomena that
might be important in realistic random searches such as animal foraging. In this sense,
it is important to introduce and study the effects of an arbitrary locomotion energy cost
function f(〈Ls〉), assigned to the average distance traveled between two target sites, 〈Ls〉, and
conditioned only by being monotonically increasing [19]. By defining the energy efficiency
function as the ratio between the mean net energy gained by the searcher in finding randomly
distributed target sites (e.g., calories, nutrients, etc., in the case of animal foraging) and the
average total length of the walk, we can write [15]

ηE = (ε − f) η, (6)

where η is our previous statistical efficiency, and ε denotes the gross mean energy gained per
target. It has been shown [15] that the maxima of ηE coincide with those of the statistical
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Fig. 4 – Plot of the energy efficiency ηE(µ), eq. (6), as a function of µ for a cost function f(〈Ls〉) =
r〈Ls〉

ν , with different values of ν, r = 1, and λ/rv = 104. For the non-destructive (destructive) case,
ε = 5× 103 (ε = 4× 104).

efficiency η. Therefore, we conclude that the introduction of an arbitrary cost function does
not change the results for the optimal values µopt(τ). In spite of this, the presence of dissipative
processes in the searching dynamics might significantly limit the range of acceptable values
for µ [20]. Indeed, a natural constraint emerges in the above analysis since the average energy
cumulated in the foraging must be positive [21].

As an illustrative example of such a monotonically increasing energy cost function, consider
f(〈Ls〉) = r〈Ls〉

ν , with r > 0 and ν > 0. Then the positive energy constraint implies

[

(λ/rv)
2−µ + 1− µ

]

(λ/rv)
(µ−1)/Γ/(2− µ) < rv

ν

√

ε/r , (7)

so the range of allowed values of µ is a function of the parameters r and ν (possibly related,
in the case of animal foraging, to the rate at which energy is lost during the locomotion of a
specific animal species, environmental factors, metabolic rates for moving fast vs. for sitting
still without moving, etc.). Figure 4 shows ηE as a function of µ for both the non-destructive
(Γ = 2, τ = 0) and destructive (Γ = 1, τ → ∞) cases, with fixed λ/rv and ε, r = 1, and
different values of ν. We notice that the efficiency is negative outside a range of acceptable
values of µ as the result of a negative cumulated energy. As expected, this range becomes
narrower as the cost function becomes more restrictive (i.e., for larger ν).

In summary, we have studied the problem of optimal strategy to search for sparse and
randomly located targets that cannot be revisited for a time τ after the previous visit, with
an important application to animal foraging. For τ → 0, the optimal strategy corresponds to
Lévy flight searching with superdiffusive dynamics, whereas for τ → ∞ the optimal strategy
corresponds to ballistic rectilinear motion between targets. The crossover between these lim-
iting regimes has been characterized by a proper reparameterization of Ns through a function
Γ. Such results have been shown to hold even if dissipative phenomena are taken into account.
However, energy constraints might significantly limit the possible search strategies.

Our results lead to new questions. It would be interesting to determine, for specific sit-
uations, how Γ (and so ηE) depends on the system parameters. Such an analysis might be
relevant to give a biologist studying a particular species information about the environment
and the metabolic aspects of the species. Another point is to investigate if the presence of a
flock of N searchers [22,23], possibly competing for the finite resources, demands modifications
to our results valid for a single searcher. These studies are presently under progress.
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