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Abstract

An important class of random walks includes those in which the random increment at time step t depends on the

complete history of the process. We consider a recently proposed discrete-time non-Markovian random walk process

characterized by a memory parameter p. We numerically calculate the first and second moments of the position

distribution and relate our results to known analytic results for special cases. We obtain data collapse for the position

distribution. We study the effect of reducing the memory by considering a modified model in which only a fraction f of the

previous steps are remembered. Surprisingly, the behavior becomes Markovian for small f, even though the correlation

time diverges for f40. We also study the transient effects near the memory edge by considering a Markovian limit of the

original model. We observe a crossover to Markovian behavior for times much larger than the range of the memory.

r 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Superdiffusion and subdiffusion can arise in one of two different ways of violating the necessary and
sufficient conditions for the central limit theorem. Superdiffusion can arise, on the one hand, if the random
walk step length (or time) distribution has diverging variance. The lack of a well-defined second moment leads
to the central limit theorem not becoming applicable. Such is the case with Lévy walks and flights [1–3], for
which the generalized central limit theorem gives the correct long-term behavior. A second manner in which
anomalous diffusion can arise relates to the presence of correlations between the random walk steps. The
presence of correlations violates the necessary and sufficient conditions for the central limit theorem to hold.
Instead, one must study the stable distributions in the presence of correlations. One approach uses the fact
that stable distributions bear a relation to fixed points in renormalization group theory (see, e.g., Ref. [4]).

We can classify correlations either as having short range, in which case we can model them using
Markov processes, or else as having long-range, in which case one essentially has a non-Markovian process.
e front matter r 2005 Elsevier B.V. All rights reserved.
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Long-range memory effects can change the scaling behavior of the probability density function (PDF) of the
position of a random walker. The self-avoiding walk, for example, becomes superdiffusive due to the
unbounded memory effects. The most extreme case of a non-Markovian random walk corresponds to a
stochastic process with dependence on the entire history of the walk. Here we investigate a recently proposed
[5] class of unbounded memory random walks with dependence on the complete history of the process.
2. The non-Markovian ‘‘elephant’’ random walk model

Non-Markovian stochastic processes appear in diverse physical, biological and economic phenomena.
Nevertheless, the traditional methods of dealing with the evolution equation (analogous to a Fokker–Planck
Equation) for the probability density function (PDF) on the one hand and the non-Markovian noise term on
the other hand, have tended to obscure the exact relationship between them. In this context, a recently
published study of a non-Markovian random walk process on a lattice has provided a significant contribution,
by proposing a ‘‘microscopic’’ origin for the non-Markovian noise.

For conciseness, we continue with the notation introduced in Ref. [5]. The random walk starts at the origin
at time t0 ¼ 0 and retains memory of its complete history. Due to the traditional saying that elephants can
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Fig. 1. Mean squared (a) displacement and mean and (b) displacement as a function of time t and memory parameter p.
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always remember, this model has been termed ‘‘the elephant random walk model’’ [5]. In each time step the
‘‘elephant’’ moves either one step to the right or left:

xtþ1 ¼ xt þ stþ1 , (1)

where stþ1 ¼ �1 represents a stochastic noise that contains two-point correlations (i.e., memory). The
elephant can remember the entire history of prior random walk step directions fst0 g for t0pt. We briefly
summarize the model as follows:

At time t, we randomly choose a previous time 1pt0ot with equal a priori probabilities. We then choose the
current step direction st based on the value of st0 in the following manner:

st ¼
þst0 with probability p ;

�st0 with probability 1� p :

(
(2)

Without loss of generality we assume that the first step always goes to the right, i.e., s1 ¼ þ1. The position at
time t thus follows

xt ¼
Xt

t0¼1

st0 (3)

and, asymptotically, one finds (Ref. [5])

hx2
t i ¼

t

3� 4p
; po3=4 ;

t ln t; p ¼ 3=4 ;

t4p�2

ð4p� 3ÞGð4p� 2Þ
; p43=4 :

8>>>>><
>>>>>:

(4)

As discussed in Ref. [5], there is an escape regime (p43=4) and a localized regime (po1=2), with p ¼ 3=4 being
marginally (i.e., logarithmically) superdiffusive. Interestingly, for 1=2opo3=4, the mean square displacement
does diverge, albeit slower than the square of the mean, so that the behavior remains diffusive. The mean
displacement follows

hxti�t2p�1 . (5)
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Fig. 2. The scaling exponent of the mean squared displacement as a function of the memory parameter p. Note that, as expected

theoretically, the behavior changes qualitatively near p ¼ 3=4. The dashed line shows the known exact result.
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So besides the classification of the behavior in terms of normal versus anomalous diffusion (defined by the
transition at p ¼ 3=4), we note that we can also classify [5] the random walks as reformers (po1=2) that have
anticorrelated behavior and traditionalists (p41=2) that have positive correlations, i.e., that have persistence.
The reformers have an algebraically decaying (i.e., vanishing) mean displacement and the traditionalists have
an algebraically diverging mean displacement.

This model can be solved exactly [5]. The PDF is a Gaussian distribution with a time and p-dependent
diffusion constant:

Dðt; pÞ ¼
1

8p� 6

t

t0

� �4p�3

� 1

" #
, (6)
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Fig. 3. PDFs for all p after renormalization according to Eq. (7), where (a) shows the PDF for all p and t ¼ tmax and (b) shows the PDF

for all t and p ¼ 0:7. We obtain data collapse onto a Gaussian PDF. This behavior corresponds to a random walker in a harmonic

oscillator potential with spring constant that depends on p as well as on time.
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Pðx; tÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4ptDðtÞ
p exp �

ðx� x̄ðtÞÞ2

4tDðtÞ

� �
. (7)

3. Method and results

3.1. Scaling, PDF, and data collapse for the elephant model

We numerically investigate this and related models. We first simulate the original elephant model
numerically. Fig. 1(a) shows the mean square displacement and Fig. 1(b) shows the mean displacement. We
see that only for p43=4 do we obtain superdiffusion. Similarly, we see that for po1=2 the mean displacement
remains small.
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Fig. 4. Normal probability plots of the rescaled position for (a) all times and p ¼ 0:7 and (b) for all p at t ¼ tmax. A linear probability plot

indicates agreement with a normal PDF. Note the strong agreement with Gaussian behavior, as expected.
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Fig. 2 shows the scaling exponent a of the mean square displacement, which according to theory should
follow Eq. (4). We note that the numerical results agree with the known analytical results. Fig. 3 shows the
renormalized position PDF for (a) various values of p and (b) for various times. We renormalized the position
by subtracting the measured mean displacement and dividing the position by the theoretical standard
deviation

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2tDðt; pÞ

p
, where Eq. (6) gives the diffusion constant Dðt; pÞ. We obtain good data collapse onto a

Gaussian distribution.
Fig. 4 shows a normal probability plot [6] for the renormalized position. The normal probability plot can

help to assess whether a data set follows a Gaussian (i.e., normal) distribution. On the vertical axis we plot the
ordered data, and on the horizontal axis we plot the normal order statistic medians for the normal
distribution. Hence, departures from a linear plot indicate departures from Gaussian behavior. We see in
Fig. 4 a good fit with a Gaussian distribution.

3.2. Effect of limiting the memory: the non-Markovian case

In this section we consider a random walker that can remember only a fraction f of the previous t time steps.
The memory range L thus equals L ¼ ft. If f ¼ 1 then we recover the original model, but for fo1 we obtain a
model that does not remember the complete history, but remains non-Markovian in the sense of having no
characteristic memory time scale.

Fig. 5 shows how the scaling exponent of the mean square displacement varies as we reduce the range of the
memory. As f becomes smaller, the model converges toMarkovian behavior even though technically it retains non-
Markovian long-range memory for f40. The most interesting result concerns values p43=4, for which we obtain
superdiffusion when f ¼ 1. However, as f decreases, the behavior becomes diffusive (a ¼ 0:5) even for p43=4.

Fig. 6(a) shows the square displacement as a function of time for fo1 and p ¼ 0:9. Fig. 6(b) shows the
numerically estimated derivatives of the root mean square displacements (see Fig. 6(a)), which represent
effective scaling exponents aðtÞ at scale t:

aðtÞ �
1

2

d log½hx2
t i�

d log½t�
. (8)
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Fig. 5. The scaling exponent of the mean squared displacement as a function of the memory parameter p for the elephant that can

remember only a fraction f of the total elapsed time. The memory range increases as L ¼ ft: As f approaches unity, we recover the elephant

model. For smaller fractions such as f ¼ 1=2 and f ¼ 1=4, this non-Markovian model behaves like a Markovian model with short-range

memory, even though it actually has long-range memory. The dashed line shows the exact result for f ¼ 1.
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Fig. 6. (a) Mean square displacement for various f and p ¼ 0:9 and (b) the local scaling exponent a. Notice that even though p43=4
diffusive behavior can arise.
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Remarkably, for small enough f and large enough t, we obtain a ¼ 0:5 even though p ¼ 0:943=4. Notice, in
Fig. 6(b), that the behavior starts out superdiffusive but slowly converges to normal diffusion.

3.3. Effect of limiting the memory: the Markovian limit

In this section we study modified models with fixed memory range. We consider the Markovian limit of the
elephant model, in which the random walker can remember only a maximum of L previous time steps. We find
that this model has the same properties as the original model for times toL, but there is a crossover to
Markovian behavior for larger times, as expected. Fig. 7 shows how the behavior crosses over from non-
Markovian to Markovian behavior as the time increases beyond the fixed memory range, taken as L ¼ 103.



ARTICLE IN PRESS

102 103 104 105 106 107

t

1010

109

108

107

106

105

104

103

102

101

1011

x2

p=0.9

p=0.8

p=0.5, 0.6, 0.7

f = 1

f = 1/2

f < 1

Memory limited to 1000 previous steps
Full memory of complete history
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figure shows that the behavior starts identical to the original non-Markovian model, but crosses over to normal diffusion for scales above

the range of the memory.
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We can gain insight into the behavior of the previously discussed non-Markovian limited memory model by
considering that the fraction f of the total random walk remembered steadily declines in this Markovian
model. Specifically, we have

f ¼
1 for tpL ;

L=t for t4L :

(
(9)

So Fig. 7 can be interpreted as if f ¼ 1 for times up to L and then asymptotically approaches zero for large
t4L. Indeed, even for p43=4, the behavior is similar to the diffusive (i.e., Brownian) random-walk in the limit
of large t, i.e., for small values of f.
4. Discussion

The most interesting result concerns the case p43=4 and fo1. Fig. 8 shows that even though the range of
the memory diverges 8f40, the behavior can become diffusive (i.e., Brownian, a ¼ 0:5) for p43=4. From this
result, the conclusion follows that the initial part of the random walk plays an important role in determining
the type (normal vs. anomalous) diffusion.

This result raises a number of other interesting questions. For what values of f do we necessarily always
obtain a ¼ 0:5? How does this value of f depend on p? How does the critical point at p ¼ 3=4 behave as a
function of f ? These are some of the issues that we hope to address in a forthcoming paper.

We also comment on how the behavior begins as superdiffusion and slowly approaches a ¼ 0:5. Consider,
for example, p ¼ 0:99 (figure not shown). If f ¼ 1, then the motion will be superdiffusive, with a close to
ballistic. However, consider an f � 0:1. In this case, the probability of changing direction and taking one step
in the ‘‘wrong’’ direction remains very low ð� 1� p ¼ 0:01Þ however the range of the memory has greatly
decreased. So, once a step has been taken in the ‘‘wrong’’ direction, the limited memory makes it easier for the
next step also to go in the wrong direction. In fact, the probability of continuing in the wrong direction on the
second step becomes 10 times greater if f ¼ 0:1, compared to f ¼ 1. Essentially, fluctuations become more
important as f decreases. Indeed, as f ! 0, only fluctuations remain.
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5. Conclusion

In summary, we carry out a numerical investigation of the effects of long-range memory on the scaling
behavior of the probability density function of the position of a one-dimensional random walker. The choice
of the current step direction is based on a particular decision, taken somewhere in the past, which is accepted
with a probability p. In the case of a non-selective, non-biased memory, one has a dependence on the complete
history of the process. Such a non-Markovian process was shown to display an escape regime ðp43=4Þ and a
localized regime ðpo1=2Þ with a marginally (i.e., logarithmically) superdiffusive regime for p ¼ 3=4, in
agreement with previous analytical results [5]. In the case of a selective (or biased) memory, i.e., if only a
fraction ft of the previous t time steps are kept in memory, one finds the existence of a crossover from non-
Markovian to Markovian behavior for fo1. It is interesting to note that such a crossover appears to remain
even as L ¼ ft!1.
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