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2Departamento de F́ısica Teórica e Experimental, Universidade Federal do Rio Grande do Norte,

59072-970, Natal-RN, Brazil
3Departamento de F́ısica, Universidade Federal do Paraná - 81531-990, Curitiba-PR, Brazil
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Abstract – We investigate the general problem of autonomous random walkers whose sole source
of energy are search targets that are themselves diffusing random walkers. We study how the energy
accumulated by the searcher varies with the target density via numerical simulations and compare
the results with an analytical model for fixed targets. We report that superdiffusion of either
searcher or target confers substantial energetic advantages to the former. While superdiffusion
may not play a crucial role for high target densities, in contrast it confers a vital advantage in the
limit of low densities at the edge of extinction: diffusive searchers rapidly die but superdiffusive
searchers can survive for long periods without entering into the extinction state. The validity and
relevance of our findings in broader contexts are also discussed.
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The search dynamics [1–5] of sharks [6], jackals [7],
seabirds [1,8], spider monkeys [9], and even human
hunter-gatherers [10] often contains ultra-long ballistic
subtrajectories—reminiscent of Lévy walks [11,12]. By the
early seventies, Hassell and May had already identified
ballistic trajectories in the context of aggregation of
predators [13]. There is increasing interest in determining
the reasons for the emergence of such patterns. One clue
may be obtained from recent empirical data indicating
that some insects [14] and fish [15] near starvation
increase their movement intensity and diffusiveness in the
search for food when compared to their foraging activity
under normal conditions. In fact, is not uncommon for
biological organisms to subsist near the edge of extinction
due to periods of scarcity of resources. Here, our goal
is thus to study how such movement patterns could
have evolved as a survival strategy for locating moving
resources at very low densities corresponding to the
threshold of starvation (or its equivalent).

In the larger context, we address the general problem
of how a dynamical process can reach a specified state
without needing strong external inputs. In this respect,
concepts such as self-organized criticality [16] and the edge

of chaos [17] are considered central to understand large
classes of self-adjusting systems [18]. In certain conditions
a system can organize itself and naturally evolve towards a
critical state, characterized by scale invariant distributions
of relevant quantities (e.g., the frequency of earthquakes
as a function of the energy [19]). The advantage conferred
by such states is that they provide a very large number of
possible paths to follow, allowing evolutive systems, such
as biological ones [20], to explore more easily the space of
possibilities in the search for optimal situations. A good
example is the transition zone between regular and chaotic
regimes, the border of chaos, which is thought to be
effective in creating favorable adaptive frameworks, e.g.,
to maximize information transfer [21], to increase entropy
production [22], or to generate diversity of spatiotemporal
patterns [23,24].
But what happens when flexibility is not possible, i.e.,

when drastic events (e.g., starvation) become unavoid-
able? Do scale invariance and long-range correlations lose
their adaptive value?
The problem we address belongs to the general family

of reaction-diffusion processes, which have wide applica-
tions in physical, chemical, biological, ecological, and even
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social phenomena [25]. At high-dimensions, their behav-
ior follows mean-field rate equations; however, for low
dimensions, local density fluctuations become important.
Indeed, field-theoretical and Monte Carlo methods [26],
along with cellular automata simulations [25,27], have
shown that mean-field predictions break down when local
fluctuations are important. In particular, studies have
shown that the nature of the diffusion mechanism (Brown-
ian random walks vs. anomalous Lévy walks [28]) becomes
relevant at low-dimensions [29].

Recently there has been a wide application of random
walks to describe animal motion and locomotion, as well
as to study the encounter rates between organisms. This
application to biological phenomena is important because
living organisms need to interact (i.e., encounter) with
individuals of other species (e.g., for obtaining food)
or of their own species (e.g., in sexual reproduction,
see for example ref. [30]). Examples include predator-
prey, pollinator-flower, and male-female search interac-
tions. The earliest reference for the idea that biological
organisms could perform Lévy walks seems to be a 1986
paper by Shlesinger and Klafter [11]. Field data for differ-
ent species [5–10,31] have lent a degree of support to the
Lévy walk hypothesis of foraging.

An indispensable factor for the survival of biological
organism is the minimum caloric energy intake necessary
to sustain metabolic activity. Many organisms spend
considerable part of their lives essentially looking for food.
Consider a walker searching for randomly located targets
that can only be detected within a maximum radius of
vision (see also the discussion about perceptual ranges
in refs. [3,4]). Studies of this random search problem
[5,32,33], especially in the ecological context [8,11], address
how to optimize the search efficiency starting from a
power law distribution of flight lengths ℓ > rv taken by
the searcher (rv is a lower cut-off length equal to a vision
radius described in the locomotion rule 4 next):

P (ℓ)∼ ℓ−µ, with 1<µ� 3. (1)

One obtains, for the sums of the step lengths, Gaussian
and Lévy stable [12] distributions for, respectively, µ� 3
and 1<µ< 3. Note that µ� 1 does not correspond to
normalizable distributions. In the regime of low target
density (for a quantitative definition see [5]), the value
µopt = 2 is the optimal search exponent when the target
sites can be visited any number of times (non-destructive
searches [5]). On the other hand, µopt→ 1 when the target
sites can be visited only once, corresponding to destructive
foraging, i.e., the targets become unavailable after a single
interaction. In addition, 1<µopt < 2 values may arise if a
target site only becomes unavailable for a large but finite
time after a visit [32,33].

Here we simulate two random walkers—searcher and
target—with constant and identical scalar velocities in a
1D periodic lattice, whose flight lengths follow eq. (1).
Varying the parameter µ, we can study the best strategy
of search that allows the survival of the searcher in the low

density limit of targets for the destructive case. The rules
of movement are as follows [30]:

1. The searcher and target begin at random locations on
a lattice of size d, so that λ= d/2 is approximately the
mean free path of the searcher and parameterizes the
target density.

2. The searcher and target choose directions at random
and distances ℓj (for rv < ℓj � d/2) from the proba-
bility distribution, eq. (1), and move with constant
identical velocities.

3. In each search step j, the searcher loses an energy
αj , function of the covered distance ℓj . We assumed
a linear relation αj = αℓj , with α a constant. (As
shown in refs. [32,33], more complicated non-linear
locomotion cost functions do not seem to affect the
qualitative behavior of energetic random searching
efficiencies.)

4. The searcher continuously checks if there is a target
within a vision radius rv along the way. If it does
not detect the target, it stops after traversing ℓj and
returns to rule 2.

5. If a target is detected, it is eliminated, the searcher
gains a constant1 energy g and returns to rule 2.
Moreover, a new target (obeying rule 2) is created
at a random location.

A few comments about the vision radius rv are in order.
If we call R as the vision radius of the prey, then we can
expect that many predator species naturally have evolved
to have rv >R. Examples where in fact rv≫R are eagles,
coyotes, some species of sharks, etc. Eagles and falcons, for
example, retain high perceptual ability even during fast
ballistic motion. Since we are discussing active searching
strategies, we are implicitly assuming this condition. In
the extreme scenarios that are the focus of this work,
the condition is λ≫ rv≫R. For this ultra-low target
density, we essentially have contact-like processes and
the detection mechanism and the radii become secondary
in importance. Furthermore, an aspect we also should
observe is that in Nature the predator does not always
capture a prey upon detecting it. This factor is easily
incorporated in our model by assuming, without loss of
generality, a smaller effective vision radius rv for the
predator.

Another point that deserves to be mentioned is that we
have focussed on “active” search strategies rather than
sitting and waiting (i.e., ambushing) strategies for two
reasons. The first reason concerns the nonuniversality [30]
of the latter. For instance, during the dry season in
the African savannah, most animals migrate and many

1
g represents the mean energy gain for the whole process. We

found that a Gaussian distribution of gains centered in g value leads

to qualitatively identical results.
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Fig. 1: (a) The energetic gain as a function of the renormalized
effective density g/d for various values of µ of the searcher
and target. The inset shows the gain on a log scale. (b) The
behavior near the starvation regime.

ponds and springs literally evaporate, so that in the
extreme conditions (i.e., the scenario considered here) this
strategy may not work. During times of starvation, we
do not expect organisms to sit and wait but rather to
take extreme measures, e.g., fungi form spores, birds and
butterflies migrate, etc. For some species, ambushing is
not even an option, as is the case of some sea birds (e.g.,
albatrosses), some insects (e.g., ants), etc. The second
reason relates to the need for a more complicated cost
function to model the nonzero energy cost of waiting.
However, it is worth mentioning that if in addition to
power law distributed flight lengths one also considers
power law distributed pausing times [34] (i.e., such as
with continuous time random walks), then the present
approach could be generalized to include sitting and
waiting strategies.

For our destructive search process, the energy obtained
by the searcher after N walks is

ξN = ξ0+

N∑

i=1

(gδi−αi) , (2)

where ξ0 is the initial energy. Whenever there is (there is
not) an encounter, δi = 1 (δi = 0).

By numerically simulating rules 1-5 above, we show in
fig. 1 the quantity (ξN − ξ0)/L as a function of the target

Table 1: Critical densities, for various values of µ for the
searcher and target, for which the energetic gain of the searcher
vanishes. It clearly shows that, irrespective of the target
movement strategy, the searcher should always pick the lowest
value for µ in order to survive in a destructive search scenario.

Searcher µ Target µ Critical survival
density g/d

3.0 3.0 1.84
3.0 2.0 1.37
3.0 1.1 1.03
2.0 3.0 1.37
2.0 2.0 1.16
2.0 1.1 0.95
1.1 3.0 1.03
1.1 2.0 0.95
1.1 1.1 0.85

density for different values of the searcher and target
exponents µ. The graphs represent averages over 500
runs, where for each realization the searcher in principle
walks a total distance L= 104. Actually, if in a run the
energy assumes a zero value (i.e., enters the absorbing
state) before traveling L, then that run is aborted and
contributes with a null energy towards the final average.
This is a simple way to include in the simulations the
important statistical fluctuations of the searching process.
We have tested many different values for the parameters,
presenting here a typical situation with ξ0 = 100, g= 100,
α= 1, rv = 1 and unit velocities. If (ξN − ξ0)/L= 0, the
search is ineffective, bringing the searcher to extinction.
We find a higher search efficiency when the strategy

deviates from Brownian diffusion (i.e., lower µ). Note
also that a superdiffusive target improves the performance
of the searcher. Table 1 lists the critical survival target
density for which (ξN − ξ0)/L vanishes, for various µ.
Lower values for this quantity means better efficiency of
the searcher, resulting in higher probability of survival.

Since a full analytical model for this random search
process where both searcher and target move has not
yet been developed, it is worth comparing the numerical
results with an approximate expression for eq. (2), derived
for the case of a fixed target. Moreover, for moving
targets, we expect that the dynamics will approximate
the case of fixed targets with an effective µ equal to
the lower of the two exponents for target and searcher,
due to the Lévy α-stability properties of sums of power
law distributed random variables. Let Nf =

∑N
i=1δi be

the number of targets found after N steps. We have
then N ≈Nf 〈N2〉, where 〈N2〉 is the average number
of flights between two successively found targets. For a
destructive random search process, it is known that [5]
〈N2〉 ∼ (λ/rv)

µ−1. Furthermore, for
∑
i αi = α

∑
i ℓi we

can separate L=
∑
i ℓi ≈Nf 〈ℓ〉t+(N −Nf )〈ℓ〉nt. Here,

〈ℓ〉t(〈ℓ〉nt) represents the average length of a single flight
in the case it is truncated (not truncated) when a target
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Fig. 2: The energetic gain as function of g/d in the fixed target
case, eq. (3), for different values of the searcher’s µ exponent
and C = 4. The other parameters are the same as those in fig. 1.

is (is not) found. Putting all this together, we obtain

(ξN − ξ0)/L≈
{

g/[〈ℓ〉t+(〈N2〉− 1)〈ℓ〉nt]−α
}

N (λ, µ).
(3)

The introduction of a overall multiplicative term N (λ, µ)
in the final expression is necessary to include the
previously mentioned fluctuation effects (present in the
numerical simulations through the aborted runs when the
net energy reaches zero), which may cause the walker to
perish after a long enough period of dissipative movement
without finding any target. It has the form N =C
(λ/rv)

µ−3 for µ� 3, with C a constant. The exponent
dependence, µ− 3, is understood since the occurrence
of statistical fluctuations are irrelevant in the Gaussian
µ� 3 regime of relatively shorter flight lengths. Note also
that N (λ, µ) does not change the value of the critical
survival density, but actually affects how the energetic
gain decays with λ and µ. Finally, since in the 1D case
λ plays the role of an upper cut-off, we write 〈ℓ〉t ≈ λ/2

and 〈ℓ〉nt ≈
∫ λ

rv
dℓP (ℓ)ℓ/

∫ λ

rv
dℓP (ℓ) = rv(µ − 1)/(µ − 2)

[(λ/rv)
2−µ− 1]/[(λ/rv)

1−µ− 1].
In fig. 2 we plot eq. (3) for the same parameters as in

fig. 1 and different values of searcher µ. We see that for
µ→ 1+ the efficiency increases, as it should be from the
known results for destructive foraging [5]. Furthermore,
we note that the critical survival densities are in general
higher than those of fig. 1 and table 1, as expected since
the targets are fixed. The exception is for the extreme
case of µ= 1.1, probably because in this small µ regime
our approximations for 〈ℓ〉t, 〈ℓ〉nt and 〈N2〉 do not work so
well. Finally, similarly to the moving target case, here we
also observe crossing between the curves, but in the fixed
target model they take place at smaller values of g/d and
are more pronounced (compare figs. 1(a) and (2)).

Based on all the above results, we can conclude that
the survival of an individual organism clearly depends
on the type of diffusion. In fact, although the difference
between the search strategies does not play a significant
role for large target densities, they become essential in
the limit of low target densities, at the edge of starvation

(see fig. 1). Furthermore, considering an ecosystem as a
whole, our model may be relevant at a larger scale as
well. Assume that each individual of a species has a caloric
energy requirement numerically close to the average value.
Then, one can expect that an entire species will go extinct
if the target density per capita falls significantly below the
minimum value in a spatially uniform manner.

In spite of the limiting nature of the model, we believe it
captures the more relevant features of realistic situations
in broader contexts for the following reasons.

i) Dimensionality of the search space: We first note that
many organisms perform searches over nearly unidimen-
sional space, e.g., fish species that search in coastal or river
ecosystems, and species that search in grassland-forest
interfaces. Moreover, for unidimensional systems, diffusion
induced density fluctuations away from the mean-field
behavior are more important than in the computation-
ally more expensive multidimensional cases [30]. We have
therefore focussed on the theoretically more important
unidimensional case. Nevertheless, due to the similarities
between random searches in different spatial dimensions
(see, e.g., refs. [5,33,35]), we expect only quantitative but
not qualitative changes in the mechanisms driving the
choice of the best search strategy (superdiffusive vs. diffu-
sive) at the edge of starvation in higher dimensions [30].
ii) Relative velocities of searcher and target : Of course,

we should expect the critical survival target density
to be a function of this velocity ratio. However, we do
not expect our main finding —the survival advantage
of superdiffusion at the edge of extinction— to depend
on it, given the known dependence of search efficiencies
on velocities [30]. Indeed, in the simulations we have
considered identical velocities for searcher and target.
However, repeating the same calculations for different
velocities ratio (not shown here) we found essentially
the same qualitative results. Furthermore, the emergence
of spatial self-organization due to changes in relative
velocities, as discussed in ref. [24], may take place in
higher-dimensional systems, but not in our case [30].
iii) The compromise between the µ’s in real systems:

The simulations suggest that in the extreme situation, the
searcher (e.g., a predator) should always choose µ→ 1,
while the target (e.g., prey) should always choose
Brownian motion to escape predation. However, if there
is a drought or similar condition of extreme scarcity, the
target organism may itself become a searcher in relation
to yet another target [36], which can be, for instance,
water, food and in general a more hospitable environment.
In the African savannah, for example, populations of
herbivores mammals travel large distances (i.e., migrate)
to avoid scarcity in certain periods of the year [37]. Hence,
a tradeoff scenario may arise for the targets, where they
should take parameter values in the interval 2<µ< 3
as their optimal choice [33,35]. On the other hand, the
searchers need to move in a ballistic or superdiffusive
manner, otherwise they may perish. Therefore, we can
interpret this phenomenon as a critical state for a single
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searcher—instead of saving the last supplies of energy
by adopting less energy consuming strategies (recall the
term αj in eq. (2)), the organism is better off spending
its last reserves in a procedure with a large return at the
end of the process.

As a further interesting but more technical aspect,
consider the nature of the energy curve near the survival
threshold (inset of fig. 1(a)). A relevant question involves
the possibility of a second order phase transition at
the edge of starvation. Such a possibility is strongly
associated with the existence of an absorbing state (i.e.,
extinction of the searcher), towards which the dynamics
inevitably enters. Actually, in a recent work [38], a 1D
model of random walks with long-term memory and
absorbing states (due to a boundary) has been proposed.
The model presents a crossover from normal diffusion to
superdiffusion, and is characterized by a dynamical phase
transition. Such results may point to a similar situation
here. This question is presently under investigation and
will be discussed in a forthcoming contribution.
What can be said about the apparent optimality of

µ→ 1, given that most reported instances of Lévy flight
movements in animals correpond to values near µ≈ 2?
Considering i) that µ≈ 2 optimizes nondestructive
searches, ii) that µ→ 1 optimizes destructive searches and
iii) that under extreme conditions nondestructive searches
may be unrealistic, we arrive at a possible answer.
The question is not to compare µ= 2 vs. µ→ 1 [33].
Rather, the crucial result is that, compared to µ� 3
(Brownian motion), lower values µ< 3 confer protection
against extinction.

As a final comment, we observe that another issue
concerns what bearing intermittent searches [2–4] might
have on the points we have explored here.

In summary, we have discussed how the diffusive prop-
erties of searching and target random walkers affects the
survival of the searcher at low-density scenarios. We report
the emergence of a unique dynamics at the edge of extinc-
tion, where superdiffusion and ballistic behavior provide
the only possibility of survival for the searching random
walker.
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