
Eur. Phys. J. B (2009)
DOI: 10.1140/epjb/e2009-00361-6

Regular Article

THE EUROPEAN
PHYSICAL JOURNAL B

Sudden onset of log-periodicity and superdiffusion
in non-Markovian random walks with amnestically induced
persistence: exact results

M.L. Felisberto1,a, F.S. Passos1, A.S. Ferreira1, M.A.A. da Silva2, J.C. Cressoni1, and G.M. Viswanathan1,3

1 Instituto de F́ısica, Universidade Federal de Alagoas, 57072-970, Maceió-AL, Brazil
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Abstract. Random walks can undergo transitions from normal diffusion to anomalous diffusion as some
relevant parameter varies, for instance the Lévy index in Lévy flights. Here we derive the Fokker-Planck
equation for a two-parameter family of non-Markovian random walks with amnestically induced persistence.
We investigate two distinct transitions: one order parameter quantifies log-periodicity and discrete scale
invariance in the first moment of the propagator, whereas the second order parameter, known as the Hurst
exponent, describes the growth of the second moment. We report numerical and analytical results for six
critical exponents, which together completely characterize the properties of the transitions. We find that
the critical exponents related to the diffusion-superdiffusion transition are identical in the positive feedback
and negative feedback branches of the critical line, even though the former leads to classical superdiffusion
whereas the latter gives rise to log-periodic superdiffusion.

PACS. 89.75.Fb Structures and organization in complex systems – 05.40.Fb Random walks and Lévy
flights – 87.19.L- Neuroscience

1 Introduction

An important problem in physics concerns the statisti-
cal properties of random walks, originally proposed in the
context of Brownian motion [1] and price fluctuations [2,3]
to describe normal diffusion. The mean squared displace-
ment of such walks grows linearly with time and ensembles
of such walkers can be described by Gaussian propagators.
In contrast, other kinds of behavior fall under the category
of anomalous diffusion [4–16]. The Hurst exponent H gov-
erns how the the mean squared displacement 〈x2 〉 ∼ t2H

scales with time t [3,18–24]. Values H > 1/2(H < 1/2)
correspond to superdiffusion (subdiffusion) and H = 1/2
is a necessary condition for normal diffusion. Such power
law scaling with time of the mean squared displacement
indicates self-similar or scale invariant growth. The con-
cepts of scaling, universality and renormalization [25] his-
torically led to great advances not only in the study of
random walks and anomalous diffusion [3–24], but also
in the study of phase transitions and critical phenomena
[26]. More recently, the scale-free properties of random
walks have led to new perspectives in many other fields:
finance and economics [3], networks [27], movement ecol-
ogy, heartbeat dynamics [28] and even music. Here we

a e-mail: mflmatrix@gmail.com

study a class of non-Markovian walks with complete or
partial memory of the full history. Such walks can have
nonlocal time dependence.

The original “Elephant walk” model was proposed
in the seminal paper by Schütz and Trimper [4]. These
random walks are characterized by complete memory of
the entire history. Subsequently, some of us modified the
model with the intent of studying the effects of loss of
memory of the distant past [5] and of the recent past [6,7].
The latter model has been analytically studied by Kenkre
[8], who coined the term “Alzheimer walk”, taking note of
similarities with the disease by the same name [6]. Such
random walks have a rich variety of behaviors, due to the
interaction between long-range (positive as well as nega-
tive) feedback mechanisms on the one hand and selective
loss of memory on the other [7]. The first moment of the
probability density function can undergo log-periodic os-
cillations, and the second moment may grow as a power
law decorated by log-periodic oscillations. Log-periodicity
and complex scaling exponents are the signature of dis-
crete (rather than continuous) scale invariance symmetry
[29,30]. Here we report the critical exponents that charac-
terize the phase diagram for such random walks.

The term “amnestically induced persistence” refers
to the counter-intuitive origin of persistence. Usually,
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Fig. 1. (Color online) Complete phase diagram for the non-Markovian walks with amnestically induced system, where p
denotes the feedback parameter and f equals the fraction of the initial history remembered by the walker. (a) Grayscale
plot of log-periodic frequency B of the first moment of the probability density function for the walker and (b) grayscale
plot of 2H − 1, where H denotes the Hurst exponent, related to the second moment. The model has four different
phases, as reported in reference [7]: (i) normal diffusion (B = 0, H = 1/2), (ii) log-periodic normal diffusion (B > 0,
H = 1/2), (iii) classical superdiffusion (B = 0, H > 1/2) and (iv) log-periodic superdiffusion (B > 0, H > 1/2). This rich
behavior arises due to the complex interplay between feedback and stochasticity.

persistence (H > 1/2) arises either via long-range mem-
ory (e.g., fractional Brownian motion) or else via fat tailed
propagators (e.g., Lévy flights). In contrast, the persis-
tence seen in Alzheimer walks is due to loss of memory,
i.e. the persistence actually increases as the memory is
decreased [6,7].

Section 2 of this article reviews and details the Ele-
phant and Alzheimer walks. In Section 3 we derive a
Fokker-Planck equation for the probability density func-
tion of such random walks. We obtain the critical expo-
nents numerically as well as analytically in Section 4. In
Sections 5 and 6 we interpret and discuss our results.

2 The non-Markovian elephant
and Alzheimer walks

Consider a one-dimensional random walker that starts at
time t = 0 at position x0. Without loss of generality, the
walker takes a step forward, defined by a value σ1, such
that the position at time t = 1 equals x1 = x0 + σ1.
Then onwards, the walk becomes random, with randomly
chosen steps σt+1 = ±1 at time t + 1, depending on the
value of a feedback parameter p. The procedure consists in
picking a randomly chosen previous time t′ in the range
0 < t′ ≤ L, using a uniform distribution, where L =
L(t) = [ft]+1, with [x] denoting the integer part of x and
0 ≤ f < 1 (L = t for f = 1). The walker at time t + 1
then chooses to repeat the previous decision taken at time
t′ with probability p: σt = σt′ . Similarly, with probability
1−p the walker takes the opposite decision σt = −σt′ . The
random walk proceeds according to σt′ = ±1 as follows,

xt+1 = xt + σt+1. (1)

We briefly explain the physical interpretation of the pa-
rameters f and p. The parameter p governs the type of
feedback: p > 1/2 (p < 1/2) indicates positive (nega-
tive) feedback and for p = 1/2 we always recover nor-
mal diffusion [4,6]. The parameter f quantifies the frac-
tion of the initial memory that the random walker can
remember. So for f = 1 we recover the original model of
Schütz and Trimper [4], whereas for f < 1 the walker can-
not remember the recent past [6,7]. This non-Markovian
random walk presents several different behaviors depend-
ing on the values of p and f (see Fig. 1). In one phase,
the random walk undergoes normal diffusion. In a second
phase, the probability density function remains Gaussian
even as the walks become superdiffusive. In a third phase,
there is no superdiffusion but log-periodicities appear and
discrete scale invariance begins to play a role. The most
“anomalous” phase corresponds to log-periodic superdif-
fusion driven by negative feedback. The complete phase
diagram appears in reference [7].

3 Evolution equation for the propagator

We first derive a Fokker-Planck equation for this family
of random walks, following the basic ideas discussed pre-
viously in reference [7]b (but not in [7]a). In principle the
behavior of all the moments of the probability density
function can be obtained from the Fokker-Planck equa-
tion.

Let us define nf(L) and nb(L) as the number of steps
forward and backwards, respectively, up to time L. Thus
the total number of steps given until time L equals
nf(L)+ nb(L) = L. For a memory fraction f , the effective
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probabilities P+
eff(t, x) and P−

eff(t, x) of taking a step for-
ward and backward, respectively, in a time t > 0 are
given by

P+
eff(t, x) =

nf(L)
L

p +
nb(L)

L
(1 − p) (2)

P−
eff(t, x) =

nb(L)
L

p +
nf(L)

L
(1 − p). (3)

The effective or expected value of σ at time t + 1 is thus,

σeff
t+1 = P+

eff(t, x) − P−
eff(t, x). (4)

We know xL = nf(L)− nb(L) + x0, so using equations (2)
and (3) we can rewrite (4) as:

σeff
t+1 = α

xL − x0

L
, (5)

where α = 2p− 1. This expected value must be equal the
ensemble average.

We can now derive an expression for the propagator.
The conditional probability that the walker is in the po-
sition x in a time t + 1 given the earlier position x0 at
t = 0 is,

P (x, t + 1|x0, 0) = P (x + 1, t|x0, 0)P−
eff(t, x + 1)

+ P (x − 1, t|x0, 0)P+
eff(t, x − 1). (6)

Using the definitions of nf(L) and nb(L) and (2) and (3)
again we get,

P+
eff(t, x) =

1
2

[
1 +

αG(x)
L

]
(7)

P−
eff(t, x) =

1
2

[
1 − αG(x)

L

]
, (8)

where xL−x0 = G(x) is the displacement at time L. (Here,
G correlates xL with x, because x is the position at time
t when the position at the time L is xL.) Substituting
Equations (7) and (8) into (6), we get,

P (x, t + 1|x0, 0) =
1
2

[
1 − αG(x + 1)

L

]
P (x + 1, t|x0, 0)

+
1
2

[
1 +

αG(x − 1)
L

]
P (x − 1, t|x0, 0).

(9)

We now introduce the notation P (x − x0, t − t0) for the
propagator P (x, t|x0, t0). Subtracting P (x, t) from both
sides of the above, we get

P (x, t + 1) − P (x, t) =
(

1
2

) [
P (x + 1, t) − 2P (x, t)

+ P (x − 1, t)
]

= −
( α

2L

) [
G(x + 1)P (x + 1, t)

− G(x − 1)P (x − 1, t)
]
.

In the continuum limit, taken in the usual manner, we
obtain the Fokker-Planck equation for the propagator:

∂P (x, t)
∂t

=
1
2

∂2

∂x2
P (x, t) − α

ft

∂

∂x
[xftP (x, t)]; (10)

because for large t we could write L = ft and G(x) = xft.
This Fokker-Planck equation is not closed unless we

know how to express xft in terms of the known quantities.
The displacement xft can be correlated with the displace-
ment x = xt through a stochastic function hf (x, t), so that
xft = xhf (x, t); we observe that this function can assume
non-positive values. With this definition, the mean value
of xft can be written as

〈xft〉 =
∫ +∞

−∞
xhf (x, t)P (x, t)dx, (11)

even though, by definition, the mean value of xft is

〈xft〉 =
∫ +∞

−∞
xP (x, ft)dx. (12)

Comparing these two equations, we can identify
hf(x, t)P (x, t) = P (x, ft) + gf(x, t), where gf (x, t) is an-
other stochastic function that gives:

∫ +∞
−∞ xgf (x, t)dx = 0.

We now have,

hf (x, t) =
P (x, ft)
P (x, t)

+
gf (x, t)
P (x, t)

. (13)

For f = 1, we get h1(x, t) = 1 and g1(x, t) = 0. In gen-
eral, gf (x, t) is not necessarily zero. Using equations (13)
and (10), we get:

∂P (x, t)
∂t

=
1
2

∂2

∂x2
P (x, t) − α

ft

∂

∂x

[
x(P (x, ft) + gf(x, t))

]
.

(14)
When f = 1, we recover the Fokker-Planck equation in
reference [4], as required.

To analyze the first moment, we can, without loss of
generality, assume gf (x, t) = 0, because it does not affect
the mean value 〈xft 〉. For the second moment, however,
we cannot ignore g. The second moment can be written as,
〈x2 〉 = 〈x2

ft 〉+2〈xftΔx 〉+ 〈Δx2 〉, where Δx = x−xft.
For the traditional random walk, 〈xftΔx 〉 = 0, but this
is incorrect for systems with memory. To find the relation
between 〈xftΔx 〉 and gf(x, t), we need to have knowledge
of the correlation function 〈xxft 〉:

〈xxft 〉 =
∫ +∞

−∞
x2hf(x, t)P (x, t)dx

=
∫ +∞

−∞
x2P (x, ft)dx +

∫ +∞

−∞
x2gf (x, t)dx

= 〈x2
ft 〉 +

∫ +∞

−∞
x2gf (x, t)dx, (15)

with
∫ +∞
−∞ x2gf (x, t)dx �= 0 in general. Since 〈xxft 〉 =

〈 (xft + Δx)xft 〉 = 〈x2
ft 〉 + 〈xftΔx 〉 , we obtain:

〈xftΔx 〉 =
∫ +∞
−∞ x2gf (x, t)dx.
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Fig. 2. (Color online) Double log plots of the order parameter B versus (a) pc − p and (b) fc − f at specific points on the
critical line, obtained numerically and analytically, via equations (21) and (22) . The critical exponent equals 1/2.

The latter can be a correlation function that changes
its sign with time, which is the case with log-periodic os-
cillations. Since the second moment depends on this cor-
relation, it depends also on gf (x, t). These results provide
a hint about why the behavior of such a simple model can
be so rich.

We comment briefly about the introduction of the
term gf (x, t). Since walkers are neither destroyed nor
created the probability density function P (x, t) must
be conserved. When we substitute P (x, t) in the first
Kramers-Moyal moment of equation (14) for P (x, ft) they
obviously must account for the probability preservation,
hence the term gf (x, t). Moreover, with some suitable
ansatz for the correction function, gf(x, t), perhaps equa-
tion (14) can be solved, by applying the method of the
characteristics, the techniques of delay differential equa-
tions, or related techniques.

4 Critical exponents: exact results

Even the first and second moments of the probability
density function P (x, t) behave in remarkably unexpected
ways, as seen from the fact that the statistical properties
of these random walks are described by transcendental
equations [7]. Specifically, the first moment can undergo
log-periodic oscillations, with the log-frequency B satisfy-
ing,

B = αf [B/ tan(B ln(f))−1] sin(B ln f). (16)

For p > 1/2 the Hurst exponent H for the second moment
satisfies,

H = αfH−1. (17)

In contrast, for p < 1/2 the relevant transcendental equa-
tion contains trigonometric functions of logarithms and
power laws, similar to equation (16):

H =

√
α2f2H−2 − H2

tan
[
ln(f)

√
α2f2H−2 − H2

]. (18)

4.1 First moment: log-periodic frequency

In analogy with second order phase transitions for systems
in thermodynamic equilibrium, we ask how the order pa-
rameter B behaves at the onset of log-periodicity, i.e., with
what critical exponents β and δ does it scale:

B ∼ (pc − p)β , (19)

B ∼ (fc − f)δ. (20)

From equation (16) we can obtain expressions for B which
become exact close to the critical line:

B =

√
4

αc(ln(fc))2
(p − pc), (21)

B =

√
2

fc(ln(fc))2
( 1

ln(fc)
− 1

)
(fc − f), (22)

from which we immediately see that both critical expo-
nents equal 1/2.

Figures 2a, 2b compare the numerically estimated be-
havior of B with the analytical results, relative to p and f
respectively. The variables p and f values are chosen close
to critical line. We have used a small factor (pe or fe) to
ensure that points are chosen close to the critical line. For
example, if we choose pe = 1.01 then we can find pi close
to the critical line via the expression pi = pc ∗ (pe)i, by
varying the index i = 1, 2, 3 . . .. For all plots in Figures 2
and 3 we have used the same method to pick points close
to the critical line.

4.2 Second moment: Hurst exponent

We next ask how H − 1/2 behaves close to the diffusion-
superdiffusion critical line. For p > 1/2 the behavior close
to the critical line satisfies,

(H − Hc) =
2

f1−Hc
c − αc ln(fc)

(p − pc) (23)

(H − Hc) =
αc(1 − Hc)

f2−Hc
c − αcfc ln(fc)

(fc − f), (24)
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Fig. 3. (Color online) Double lot plots of the order parameter 2H − 1 versus fc − f and |pc − p| on (a), (b) the normal branch
and (c), (d) the log-periodic branch of the critical line, obtained numerically and analytically via equations (23), (24), (25) and
(26). The critical exponents equals one in all cases.

from which we see that the exponents both equal one.
The case p < 1/2 is more difficult to solve analytically.

After some algebra, we can show that H satisfies

(H − Hc) =
y3/2T ′2(U) − tan(U) + U ](pc − p)

y2 tan2(U) − ay5/2U ′ , (25)

(H − Hc) =
[T tan2(U) − bfc tan(U) + y1/2T ](fc − f)

yfc tan2(U) − a′fcy3/2U ′ ,

(26)

where

y = α2
cf

2Hc−2
c − H2

c

a =
(α2

cf
2Hc−2
c ln(fc) − Hc)

y

T ′ = 2αcf
2Hc−2
c

U = y1/2 ln(fc)

b = α2
cf

2Hc−3
c (Hc − 1)

T = y1/2[bfc ln(fc) + y]

a′ =
(α2

cf
2Hc−3
c ln(fc) − Hc)

y

U ′ = tan(U) − U tan2(U) − U. (27)

Both critical exponents again equal one. Figure 3 com-
pares the numerically estimated behavior of H with

the analytical results. We find good agreement. Fig-
ures 3a, 3b show the behavior for the p > 1/2 (i.e. classical
diffusion-superdiffusion transition) branch of the critical
line, whereas Figures 3c, 3d show the p < 1/2 branch of
the critical line (i.e. log-periodic diffusion-superdiffusion
transition).

5 Higher moments and log-periodic
monofractality

In principle, the Fokker-Planck equation (10) can be used
to obtain the behavior of any moment 〈xq 〉, but its ana-
lytical solution is not straightforward for higher moments.
Given the difficulties in treating the higher moments an-
alytically, we investigate them numerically. In order to
eliminate the distinction between even and odd moments
and to allow fractional moments for negative x, we study
the absolute moments

〈 |x|q 〉 ∼ tqH(q), (28)

where H(q) denotes the generalized Hurst expo-
nent [3,20–24]. If H(q) depends on q, we say that the walk
is multifractal. Otherwise it is monofractal and a single
exponent describes the random walk.
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Fig. 4. (Color online) Double log plot of 〈 |x|q 〉1/q , the q-th
root of the q-th absolute moment versus time, for various q
(p = 0.1, f = 0.1). From bottom to top, the values of are q =
0.5, 1.0, 1.5, 2.0, 2.5, 3.0, 3.5, 4.0, 4.5, 5.0, 5.5. We have used
107 random walk steps and 2 500 realizations to estimate the
averages. Note how the log-periodic oscillations vary from mo-
ment to moment. Inset shows a “zoom” of approximately one
log-period. The behavior is not multifractal because the aver-
age slope is identical for all moments (i.e. the real part of the
Hurst exponent H(q) ) and the log-period also is identical (i.e.,
the imaginary part of H(q)). However, only once or twice in
every log-period do all moments actually grow proportionally,
i.e. the local Hurst exponents are not equal at all scales. This
is a new kind of “log-periodic monofractal” scaling.

Figure 4 shows how the moments grow. Note the
log-periodicity, which indicates complex power law expo-
nents. The relation between complex exponents and log-
periodicity arises from the fact that a complex power law
ta+bi equals ta exp[ib ln t]. We can thus generalize the con-
cept of monofractality to include complex exponents, as
follows. If both the non-oscillatory and the log-periodic
components of H(q) do not depend on q then the walk is
monofractal, otherwise it is multifractal because there no
single (complex) exponent.

The multi-scale independence is possibly related to
the uniform nature of the memory, i.e., the same weight
is attributed to all scales. Multifractality usually arises
when events of different magnitude get weighted differ-
ently, where small events have a different role than large
events, thereby changing the fractal exponent for differ-
ent moments, since each moment samples large and small
events differently.

From Figure 4 we see that the behavior is monofractal
because the average slope is identical for all moments (i.e.
the real part of the Hurst exponent H(q)) and the log-
period also is identical.

However, notice that the plots are not completely
parallel. Only once or twice in every log-period do all
moments actually grow proportionally, i.e. the scale-
dependent or local Hurst exponents estimated via the log-
arithmic derivative H(q, t) = (1/q)(d/d ln t)[ln〈 |x|q 〉] are

not equal at all time scales t. This is a new kind of “log-
periodic monofractal” scaling.

6 Conclusion

The Fokker-Planck equation (10) can be used to obtain
the behavior of any moment 〈xq 〉. For higher moments,
however, this has not been done analytically here. One
promising idea [8] involves transforming variables to ob-
tain a delay differential equation. Linear delay differential
equations can be solved using delay Green’s functions. The
challenge is to obtain H(q, t) analytically, at least for even
integer q.

We briefly discuss the relevance of our findings. It is
well known that the critical exponents are essential to de-
scribe the behavior of physical quantities near phase tran-
sitions. The universal aspects of the transition as opposed
to the physical details of the system are better under-
stood through their determination (preferably exactly).
This is more dramatic in low dimensional systems, which
require a more detailed mathematical treatment, since for
higher dimensions the critical exponents can be obtained
trough mean field theory. The complete characterization
of a phase transition can only be achieved by the deter-
mination of its critical exponents. Here we have derived
exact results of the critical exponents for a non-Markovian
system. Recall that exact solutions of non-Markovian pro-
cesses are rare in the scientific literature.

Finally, we note that this system has possible rele-
vance to Alzheimer’s disease [6]. The condition is not only
characterized by progressive loss of recall of the recent
past, but also by the onset of repetitive (i.e. persistent)
behavior. For example, it is known that patients with
Alzheimer’s disease act as if their brains cycle in an endless
loop. Similarly, they may sing a tune that never seems to
run out of verses and pose the same question many times
a day. They may also suffer from “echolalia”, the continu-
ous repetition of words or phrases. Indeed, some of us have
speculated [6] that there might be a causal relationship
between such repetitivity and the known loss of recent
recall in Alzheimer’s disease. In this larger context, our
results lead to an experimentally testable prediction: the
abrupt onset of repetitive behavior when a critical degree
of memory degradation is reached in the phenomenology
of Alzheimer’s disease.

In summary, we have investigated a two-parameter
family of non-Markovian random walks and obtained the
critical exponents for two different transitions, viz. those
related to the first and to the second moment of the
probability density function. Remarkably, the critical ex-
ponents related to the Hurst exponent are identical in
the classical (positive feedback) and in the log-periodic
(negative feedback) branches of the critical line. Our re-
sults indicate that the sudden onset of repetitive behavior
(or persistence) in stochastically driven systems does not
necessarily depend on the type of feedback. The transi-
tions from diffusion to both classical superdiffusion and
to log-periodic superdiffusion occur with identical critical
exponents.
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4. G.M. Schütz, S. Trimper, Phys. Rev. E 70, 045101 (2004)
5. M.A.A. da Silva, J.C. Cressoni, G.M. Viswanathan,

Physica A 364, 70 (2006)
6. J.C. Cressoni, M.A.A. da Silva, G.M. Viswanathan, Phys.

Rev. Lett. 98, 070603 (2007)
7. M.A.A. da Silva, G.M. Viswanathan, A.S. Ferreira, J.C.

Cressoni, Phys. Rev. E 77, 040101 (2008); e-print arXiv:

0708.3102

8. V.M. Kenkre, Analytic Formulation, Exact Solutions,
and Generalizations of the Elephant and the Alzheimer
Random Walks, e-print arXiv: 0708.0034v2 (2007)

9. V.M. Kenkre, R.S. Knox, Phys. Rev. B 9, 5279 (1974)
10. V.M. Kenkre, in Statistical Mechanics and Statistical

Methods in Theory and Application, edited by Landman
U. (Plenum, New York, 1977)

11. B.D. Hughes, M.F. Shlesinger, E.W. Montroll, Proc. Nat.
Acad. Sci. 78, 3287 (1981)

12. M.F. Shlesinger, Solid State Comm. 32, 1207 (1979)
13. R. Metzler, J. Klafter, Phys. Rep. 339, 1 (2000)
14. M.F. Shlesinger, G.M. Zaslavsky, U. Frisch, Lévy flights
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