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Abstract. Most superdiffusive Non-Markovian random walk models assume that correlations are main-
tained at all time scales, e.g., fractional Brownian motion, Lévy walks, the Elephant walk and Alzheimer
walk models. In the latter two models the random walker can always “remember” the initial times near
t = 0. Assuming jump size distributions with finite variance, the question naturally arises: is superdiffu-
sion possible if the walker is unable to recall the initial times? We give a conclusive answer to this general
question, by studying a non-Markovian model in which the walker’s memory of the past is weighted by a
Gaussian centered at time t/2, at which time the walker had one half the present age, and with a standard
deviation σt which grows linearly as the walker ages. For large widths we find that the model behaves
similarly to the Elephant model, but for small widths this Gaussian memory profile model behaves like the
Alzheimer walk model. We also report that the phenomenon of amnestically induced persistence, known
to occur in the Alzheimer walk model, arises in the Gaussian memory profile model. We conclude that
memory of the initial times is not a necessary condition for generating (log-periodic) superdiffusion. We
show that the phenomenon of amnestically induced persistence extends to the case of a Gaussian memory
profile.

1 Introduction

The number of phenomena that are correctly described
by anomalous diffusion and transport, rather than nor-
mal diffusion and transport, has grown tremendously in
the last few decades [1–3]. Theoretical treatments ade-
quate for studying anomalous diffusion are mainly based
on the generalized Langevin equation [4,5], the continu-
ous random walks [6,7] and the fractional Fokker-Planck
approach [8,9]. Exact solutions, however, are rare [10,11]
and numerical treatments are therefore especially helpful,
particularly when associated with exact calculations of the
first few moments, leading to the Hurst exponent and rig-
orous determination of the model’s phase diagram [12,13].
Here we approach these problems from the perspective of
non-Markovian random walks.

Anomalous diffusion falls into two broad categories:
(i) subdiffusion, described by mean squared displacements
that grow sublinearly and (ii) superdiffusion, character-
ized by superlinear growth of mean squared displacements.
Here we study a non-Markovian random walk model to try
to gain a deeper understanding of how the necessary and
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sufficient conditions for superdiffusion can be realized in
varying circumstances.

There are two general mechanisms which can lead
to superdiffusion, roughly corresponding to two different
ways of violating the necessary conditions for the the cen-
tral limit theorem to apply directly to random walks.
On the one hand, superdiffusion can arise via diverging
jump lengths, as seen in Lévy flights. On the other hand,
superdiffusion can also arise via memory effects in non-
Markovian walks. Specifically, long-range power law cor-
relations in time can cause superdiffusion – the classic
example being fractional Brownian motion. The ideas of
normal and anomalous diffusion have led to diverse appli-
cations [14–21].

Non-Markovian walks are the focus of this article. It
is well known that a random walk process with com-
plete memory of its history can be superdiffusive. The
“Elephant walk”, introduced some years ago [11], led
to advances in our understanding of the interplay be-
tween memory effects and stochasticity, because it was ex-
actly solvable. Subsequently, the “Alzheimer walk” [12] ex-
tended this approach by adding a new ingredient: memory
loss. This led to the somewhat counter-intuitive finding
that loss of memory itself can cause superdiffusion. This
phenomenon was labelled amnestically induced persistence
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and has been the subject of further studies [13]. A key as-
pect of both the Elephant and Alzheimer walks is that
both models allow the very first steps to be remembered
by the walker at all subsequent times. It is precisely the
memory of the very first steps that allows the Elephant
and Alzheimer walks to develop a diverging correlation
time which is a prerequisite to superdiffusion (at least in
walks with finite moments for the step distributions).

The question we address here is the importance of
the initial history. Our interest is in random walk mod-
els which have jump size distributions with finite variance
(unlike, e.g., Lévy walks which have diverging variance
for the jump size distribution). We show that the initial
history is not important. Specifically, we construct a non-
Markovian model which, in one well defined limit, remem-
bers only a single (but moving) time of its history, whereas
in the other limit it becomes identical to the Elephant
walk model. By varying a parameter, the model contin-
uously varies between the two limits. The role played by
different memory profiles in the long term actions is poorly
understood. Most studies focus on the range of the mem-
ory, rarely taking into account the memory pattern. This
study can help aiding in the understanding of the role
played by different memory profiles in the actions taken
at present time.

2 A non-Markovian walk with a Gaussian
memory profile

2.1 The classic Elephant walk

We briefly review the classic Elephant walk, using the
notation introduced in reference [11]. The random walk
starts at the origin at time t0 = 0 and retains memory
of its complete history. In each time step the “elephant”
moves either one step to the right or left:

xt+1 = xt + vt+1 (1)

where vt+1 = ±1 represents a stochastic noise that con-
tains two-point correlations (i.e., memory). The elephant
can remember the entire history of prior random walk step
directions {vt′} for t′ ≤ t. At time t, we randomly choose a
previous time 1 ≤ t′ < t with equal a priori probabilities.
We then choose the current step direction vt based on the
value of vt′ in the following manner:

vt =
{

+vt′ with probability p
−vt′ with probability 1 − p. (2)

Without loss of generality we assume that the first step
always goes to the right, i.e. v1 = +1. The position at
time t thus follows

xt =
t∑

t′=1

vt′ . (3)

The second moment is given by

〈x2
t 〉 =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

t

3 − 4p
, p < 3/4

t ln t, p = 3/4;

t4p−2

(4p − 3)Γ (4p − 2)
, p > 3/4

(4)

which are exact relations valid in the asymptotic limit.
There is an superdiffusive regime (p > 3/4) and a local-

ized regime (p < 3/4), with p = 3/4 being marginally (i.e.,
logarithmically) superdiffusive. Interestingly, for 1/2 <
p < 3/4, the mean square displacement does diverge, but
slower than the square of the mean, so that the behavior
remains diffusive. This regime is termed “escape regime”.
The mean displacement follows:

〈xt〉 ∼ t2p−1. (5)

The exact [11] propagator is reported to be a Gaussian dis-
tribution with a time and p-dependent diffusion constant

P (x, t) =
1√

4πtD(t)
exp

(
−
(
x − x̄(t)

)2
4tD(t)

)
(6)

with the diffusion coefficient given by

D(t, p) =
1

8p− 6

[(
t

t0

)4p−3

− 1

]
. (7)

2.2 The Alzheimer walk

Based on the Elephant walk model, the Alzheimer walk
model was proposed to study the effects of memory
loss [12]. Instead of being able to remember the entire his-
tory, the Alzheimer walker can only remember a fraction
f of the initial history. For f = 1 we recover the Elephant
walk.

The main finding of the Alzheimer walk study was that
for low enough f a new type of superdiffusion appears.
Since memory loss was not expected to provoke superdif-
fusion, this phenomenon became known as amnestically
induced persistence [12]. Moreover, for p < 1/2 the su-
perdiffusion has log-periodic oscillations.

2.3 Gaussian memory profile

The new ingredient that we study here is a Gaussian mem-
ory profile, in which the random walker can remember
previous events with a probability given by a Gaussian
probability density function.

P (t′) ∝ exp
(−(t′ − t/2)2

2σ2t2

)
, (8)

where σ is the standard deviation of the Gaussian and
0 < t′ < t. So instead of being chosen via equal a priori
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Fig. 1. (Color online) Plot of the Hurst exponent H versus
the feedback parameter p for some values of the relative width
σ of the Gaussian (truncated) memory profile. For very large
σ, the walker can remember almost the entire history, however
for narrow width the walker can only remember events that
happened when the walker was half as old as at the present
time. For an infinitely narrow (not shown) memory profile,
the walker remembers only a single time (�t/2�) of the past.
So feedback effects become particularly strong and superdiffu-
sion occurs not only for positive feedback (p > 1/2) but also
for negative feedback (p < 1/2). On the one hand, this re-
sult is not surprising because the Gaussian memory profile is
non-Markovian (because it has diverging correlation time for
p �= 1/2). On the other hand, the result is still somewhat un-
expected because all moments are finite for a Gaussian. The
solution to this apparent inconsistency lies in fact that the
mean and width of the Gaussian profile grows linearly in time
as the walker ages.

probabilities, the time t chosen in (2) is chosen now from
this Gaussian (8). In contrast, the Alzheimer walk has a
memory profile which is constant for times up to time ft
and zero at later times.

The center and the width σt of the Gaussian are not
fixed, but grow linearly in time, i.e. the Gaussian moves
and stretches in time. We take the center of the Gaussian
to always be at time t/2 whereas the width is taken to be
proportional to t, where t is the present time. So the best
remembered age is always one half the present age. It is
this moving and stretching of the memory profile which
makes the model non-Markovian (all bounded and fixed
memory profiles clearly lead to Markov processes).

3 Method and results

Figure 1 shows a plot of numerically estimated Hurst ex-
ponents for various width parameter σ. For large σ, the
behavior is similar to that of the Elephant walk, but for
small σ the behavior mimics the Alzheimer walk – even
though the Gaussian memory profile is quite different from
the Alzheimer memory profile.
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Fig. 2. (Color online) Semilog plot of displacement 〈x〉 as a
function of t for p = 0.1 and several values σ. The inset shows
the first moment (rescaled by tH) for greater visual clarity. No-
tice how a periodicity is clearly evident in the logarithm of the
time, indicating log-periodicity. Significant memory loss (i.e.,
small σ) leads to larger amplitudes for the log-periodic oscilla-
tions. This kind of oscillation is an indicator of discrete scale
invariance and complex rather than real fractal dimensions, a
topic discussed in some detail in reference [13].

Figure 2 shows the first moment rescaled by tH for
particular values of the model parameters, σ = 0.001 and
p = 0.1. Notice the log-periodicity. Not only does the
Gaussian memory profile lead to amnestically induced per-
sistence (for low σ), but it also leads to log-periodicities.

In Figure 3 the distribution of the averaged persistence
length 〈w 〉 is shown for several values of p. We define the
persistence length at a given position of the walk as the
number of consecutive forward (or backward) steps at or
near that position. If the persistence lengths are exponen-
tially distributed, then one can view the walk as a contin-
uous time random walk (CTRW) with exponentially dis-
tributed jump lengths and pause times. The central limit
theorem guarantees that the probability density function
of the position of the walker is Gaussian at long times in
the continuum limit (note that the converse is not true:
a Gaussian propagator does not imply exponential persis-
tence lengths).

Figure 3a displays a clear departure of Gaussian behav-
ior for the super-diffusive regimes (see Fig. 1) represented
by p = 0.1 and p = 0.9. Figure 3b shows the correspond-
ing normal probability plots, which give support to the
non-Gaussian statistics found for the anomalous diffusive
regimes.

Figure 4 shows the full phase diagram for the model,
where H − 1/2 can be taken as an effective order param-
eter. For large σ there is no superdiffusion (H > 1/2) for
p < 1/2, but for lower σ we see superdiffusion even for
p < 1/2. Recall that p < 1/2 means that the walker at-
tempts to self-correct, i.e. negative feedback. So for low
σ, negative feedback causes the overshooting characteris-
tic of log-periodic superdiffusion. These findings are very
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Fig. 3. (Color online) (a) Persistence length distribution
f(〈w 〉) averaged over 105 runs, showing an exponential be-
havior for p = 0.5 and non-exponential behavior for p = 0.1
and p = 0.9. Departure from exponential distribution could
indicate non-Gaussian statistics. This result is consistent with
the diffusive (super-diffusive) regime with H = 1/2 (H > 1/2)
found for p = 0.5 (p = 0.1 and p = 0.9). (b) Normal probability
plots of the position versus the normal order statistic medians
m. The linear plot for p = 0.5 indicates Gaussian behavior,
whereas the deviation from linear for p = 0.1 and p = 0.9 in-
dicates non-Gaussian statistics. The y-axis represents the po-
sition, averaged by the maximum, and the curves were shifted
relatively to one another in the x-direction for better visual-
ization. All simulations were performed for a maximum time
Tm = 2 × 106 with 105 runs, keeping σ = 0.001.

similar to those reported in [13], except for the fact that
the memory profile is completely different.

4 Conclusion

We have investigated a non-Markovian 1D random walk
model with a moving Gaussian memory profile, with mean
and width growing proportional to the time t. By numer-
ical calculations of the Hurst exponent H , we have ob-
tained the complete phase diagram in the H − p− σ vari-
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Fig. 4. (Color online) Plot of the Hurst exponent H as a
function of both the feedback parameter p and the width σ
of the Gaussian memory profile. For large widths, the behav-
ior is qualitatively similar to that of the elephant model. As
the width narrows, superdiffusion arises for both high and low
values of p. Surprisingly, log-periodic superdiffusion arises for
low p, so the behavior becomes similar to that of the Alzheimer
walk model, even though Gaussian memory profile is very dif-
ferent from the Alzheimer walk memory profile. There is one
crucial difference between the two models: the Gaussian mem-
ory profile walker does not have a good recall of the initial times
near t = 0, whereas the Alzheimer walker always remembers
the initial times. We conclude that superdiffusion (and log-
periodic superdiffusion) driven by loss of memory may be a
more general phenomenon and not restricted to models that
remember the initial times near t = 0. We thus arrive at a
conclusive answer to the question posed at the beginning.

ables. The most important feature of the phase diagram is
that for any σ there is a range of p for which the behavior
is superdiffusive (H > 1/2).

It was our main goal to examine if the memory at
the initial time (t = 0) is a necessary condition to ob-
tain superdiffusive behavior, as observed in the Elephant
and in the Alzheimer walks. For this purpose, we chose
a Gaussian profile which reproduces these models, in the
limits of large and small variances respectively. We have
demonstrated that memory of the initial time is not a
necessary condition for superdiffusion in non-Markovian
random walks with finite jump sizes.
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