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Abstract – We analyze searchers looking for diffusive targets when the formers rely on the net
energy gained from the encounters to maintain the process. The system properties are studied at
very low target densities, for the searchers at the edge of extinction. We report that superdiffusion
for both types of players confers a substantial increase in the searchers survival rate. A continuous
phase transition is observed for any search strategy. From the critical exponents, we find that
the problem belongs to the same universality class of directed percolation with absorbing walls.
We finally discuss the implications of the random search process criticality to the endurance of
searchers as a group and eventual connections with the preservation of biological species.

Copyright c© EPLA, 2012

Introduction. – A subject of very broad interest
due to its potential applications [1] —belonging to the
general class of reaction-diffusion phenomena [2–6]— is
the random search problem. One key aspect is to find the
best strategies that optimize the process. Several studies
(reviewed in [7]) have addressed such question in terms of
random walk models, an appropriate approach given the
problem inherent stochastic nature [8–10]. Let us assume
that the walker’s individual steps are independently drawn
from an angular uniform probability distribution function
(pdf) for the directions and from a pdf P (�) for the length
sizes �. If the searcher’s detection ability has a limited
range rv (see below), it has been shown that for low and
intermediate densities of randomly located targets one
should choose as the best strategy [11–14] (� > rv, rv a
lower cut-off)

P (�)∼ �−µ. (1)

For µ> 3 the dynamics is statistically equivalent to
Brownian walks, once the mean square displacement
scales linearly with time. For 1<µ� 3, the variance
(a)E-mail: luz@fisica.ufpr.br

diverges and the search consists of rare, but statistically
relevant, long steps alternating between many small
jumps [15].
Within this context, the highest encounter rate between

searchers and slow targets (e.g., predators and preys [16])
is achieved [11] from µopt ≈ 2 for non-destructive targets
(revisitable at any time) and µopt→ 1+ for destructive
targets (destroyed when found). If once visited a target
takes a time 0< τ <∞ to recover and be available again,
then 1<µopt(τ)< 2 [12], with τ = 0 (τ →∞) correspond-
ing to the non-destructive (destructive) case. Such results
are robust with respect to spatial dimensions [11], presence
of short-range correlations [8], and energetic gain balance
when the searcher relies solely on the resources obtained
from the encounters for self-maintenance [12,13].
A particularly relevant point in scarce environments

is that the undertaken search protocol is not only a
matter of higher or lower profits, but a critical survival
factor [17]. For instance, to sustain biological organisms
it is indispensable a minimum caloric intake. If the
conditions are harsh, most or even all the energy of
the searching organisms (i.e., foragers [7]) must be used
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to locate food in the most efficient way. But since the
dynamics of locomotion itself expends energy, this also
should be taken into account in any strategy choice [7].
Hence, the precise dynamical and statistical features of
searches at very low density of targets are fundamental
issues in situations like animal species facing extinction
due to low diffusiveness in unsuitable habitats [18,19] and
economical viability of mineral prospecting under costly
conditions [20,21].
We address very low target densities for a minimal but

general model where the searchers and targets can move
with different diffusive rates, parameterized by µ= µS (for
the searcher) and µ= µT (for the target) in eq. (1). Just
before entering the absorbing state (death, extinction), we
show that the system behaves critically, belonging to the
same universality class of directed percolation (DP) with
absorbing walls. We argue that it has a deep implication
for the preservation of the searchers as a group (e.g.,
species of predators) after scarce conditions.

The model. – We simulate the searcher and target as
random walkers, having identical constant velocities in a
1D segment of length z and periodic boundary conditions.
The steps lengths are taken from eq. (1). By varying µS
and µT , we study which search strategies maximize the
number of surviving searchers in the low density limit, i.e.,
large z’s (see below). We assume destructive targets, more
appropriate in a scarce scenario. Note that the present
model recovers the results discussed in the Introduction for
slow (in the limit, fixed) targets by identifying the searcher
exponent µ= µS and setting µT > 3.
As discussed in [1,7,11], and illustrated through simu-

lations for nD(n= 1, 2, 3) [22], the optimal strategies for
sparse and randomly located targets are the same regard-
less the value of n. It is true that the finding of targets
in 2D and 3D occurs with considerably lower probability
—the extra spatial directions yield a larger exploration
space, then lower encounter rates and search efficiency.
However, for a given n this diminishing is fairly similar
among the different strategies (distinct µ’s). The reason is
that for any n, the path of a searcher which has a limited
detection power is basically a sequence of rectilinear
moves1. For complete random turning angles, the dynam-
ics is thus essentially characterized by the step lengths
pdf, eq. (1), exactly as in 1D. Hence, we can concentrate
on the 1D case, for which the fluctuations are more rele-
vant, being away from the mean-field behavior [16,23,24].
The dynamics of motion obeys the rules [16,17]:

i) At each step j, searcher and target choose directions
at random and distances �j (for rv < �j � z/2) from
eq. (1), and move with identical constant velocity.

ii) The searcher loses an energy αj , function of the
covered distance �j . We assume a linear relation αj =
α�j , with α a constant (for our purposes, to consider a

1All dimensions orthogonal to the velocity direction are in a sense
compactified due to the finite (i.e., small) detection power.

more general energetic cost function is not necessary,
see discussion below).

iii) The searcher continuously checks for targets within
a vision radius rv along the way. If there is none, it
stops after traversing �j and starts the step j+1 by
i). If a target is detected, it is eliminated, the searcher
gains an energy g, a new target (obeying i)) is created
at a random location and the searcher resumes by i),
initiating the step j+1.

Note that larger (shorter) z’s has as an effect to increase
(decrease) the average separation between searcher and
target, effectively setting the density of targets. In
this way, by repeating many times the simulations and
performing appropriate averages, the results will represent
a distribution of targets of mean distance proportional to
z. For instance, for a large number of realizations with
random initial positions for the target with respect to the
searcher, their average initial shortest distance will be
z/4. According to eq. (1), ballistic or Lévy walks (µ< 3)
have some probability to perform rather long flights
(�j→∞). In real situations, however, such divergences
cannot be observed —the searching environment always
has limited maximal size. For this reason, we assume in
fact a truncated Lévy walk [25], whose truncation length
z/2 guarantees that not necessarily there is an encounter
between searcher and target at each step, regardless of
their diffusiveness (parameterized by µS and µT ). The
detection ability is determined only by the searcher
(through its rv), the target vision radius is neglected. For
animal foraging [7], for example, this is frequently the
case since many predator species (eagles, coyotes, sharks,
lions, etc) can detect the prey much before the prey can
notice the predator’s proximity. In the limit of very low
densities (z� rv), collective random search strategies
may not be efficient [26,27], thus here we just consider
sole searchers. Also, distributions for g (e.g., Gaussian)
do not alter the model essential results (see [17]). Finally,
it has been rigorously shown [12,13] that although more
complicated locomotion cost functions may influence
the range of possible µ’s, they do not change either
the qualitative behavior of energetic searching efficiency
or the µS optimal values. Thus, for simplicity we can
consider the linear relation in ii), without loosing any
generality for our conclusions.
The energy obtained by the searcher after t steps is given

by (with E0 the initial energy)

Et =E0+

t∑

j=1

(g δj −αj). (2)

If at the step j there has (has not) been an encounter,
δj = 1 (0). Fixing z, α, E0, g, µS and µT , we can verify if
the searcher survives until t by monitoring if E is always
positive during this time interval. By simulatingM search
realizations, we obtain a survival function Γ(t), defined
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Fig. 1: The survival function Γ vs. λ for three different t’s and
six diffusion parameters pair µS and µT . For µS = µT = 2.0
and t= 51200, the inset shows details of Γ(λ) and of its
corresponding normalized variance (dash-dotted line).

as the fraction of M searchers that have survived until t.
Moreover, we can infer how Γ behaves as a function of
target density by varying z. In fact, it is more appropriate
to consider λ= (z/g) as the control parameter, roughly the
average distance necessary to gain one unit of energy. We
finally observe that eq. (2) sets no upper bounds for the
growth of the accumulate energy in the scenario of very
high density of targets (surely unrealistic for a searcher
having to store the intaking). However, we consider just
low densities. Thus, eq. (2) is a perfectly acceptable net
energy function in this case.

Results. – In fig. 1 (and hereafter) we set E0 = g= 100,
α= rv = 1, M = 10

3, and unit velocities. For each λ and
t, the final Γ is obtained by averaging over 200 runs.
For many other parameters values tested, Γ also varies
continuously from 1 (λ� λc) to 0 (λ� λc). For t= 51, 200
and the representative µS = µT = 2.0 (different µS and µT
are similar), we plot the fluctuations (variance) of Γ vs.
λ, which display a maximum around λc (see footnote

2).
Hence, λc is a critical length scale separating two phases:
one in which all the searchers survive (Γ = 1) and other
in which all die (Γ = 0). This suggests a second order
phase transition at the edge of extinction, with Γ the order
parameter.
To characterize such critical phenomenon, we start

considering a field-theoretic renormalization group tech-
nique [30,31] and assume the following scaling relation
[32–34]

Γ(λ, t) = t−β/ν//f [t1/ν//(λ−λc)]. (3)

Then, k(t, t0, λ) = ln[Γ(λ, t)/Γ(λ, t0)]/ln[t/t0] as function
of λ, regardless t and t0, must intersect in a single point

2The maximum is at the inflection point λinf of Γ. Usually, for
finite size systems λinf and λc are correlated and close to each
other [28], with λinf → λc at the thermodynamic limit. Also, in the
finite size case the fluctuations are higher just at λinf [29].
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Fig. 3: µS vs. λc for different values of µT . In details an example
of a simple DP process (no walls) in (1+1)D.

(λc, β/ν//) when λ→ λc. In fig. 2 we show the results
for a large set of µS and µT , different t’s and a fixed
t0 = 100. Note that β/ν// ≈ 0.42 is the same in all the
examples (likewise for many other considered E0, t0 and
rv, not shown here). Also, one clearly sees that λc is
different for each pair {µS , µT }. As illustrated in fig. 3,
for a fixed µT , λc decreases linearly with the increasing
of µS . Therefore, at scarce conditions the best (optimal)
strategy for the searcher is to shift from Brownian diffusion
to ballistic behavior [17], as already known for fixed
destructive targets [11].
For each {µS , µT } in fig. 3, the λc has been obtained

from Γ(λ, t)/Γ(λ, t0) vs. t/t0, which in a log-log plot must
be a straight line when λ= λc. An example is given in fig. 4
for the arbitrary case of µS = µT = 2.0 (interesting in the
random search context since µ= 2 is half way between the
ballistic, 1+, and the normal diffusion, 3+, limits), t0 = 100
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and different λ’s. Note the β/ν// agreement with fig. 2.
Now, h(t, t0, λ) = (∂ ln[Γ(λ, t)]/∂λ)/(∂ ln[Γ(λ, t0)]/∂λ) at
λ= λc results in (t/t0)

1/ν// . Thus, we have for the above
parameters that 1/ν// ≈ 0.57 (inset of fig. 4). This same
value was found for many others µS ’s µT ’s (including
µS �= µT ) and t0’s. In this way, from figs. 2 and 4 we finally
get β ≈ 0.74 and ν// ≈ 1.75.
For L(t, λ) denoting the average distance traveled by the

searcher up to a time t, fig. 5 shows L vs. t for different
λ’s and µS = µT = 2. We have that L∼ t0.59 at λ= λc (a
relation also found for other combinations of µS ’s and
µT ’s). The plateaus for λ> λc are just consequence of
the searcher to go extinct after some time, resulting in a
maximum traveled L (recall the averages are performed
over a finite number of searchers). Since the spatial
correlations at the transition scales as tν⊥/ν// [35], it
yields, using the previous ν//, the third critical exponent
ν⊥ ≈ 1.04.
Finally, in the insets of fig. 5 we display E, eq. (2), as

function of L and t, for µS = µT = 2.0 and different λ’s
(for other µS ’s and µT ’s the behavior is analogous). Note
a linear relation E vs. L, even when λ= λc, and that for
long enough times E goes to zero if λ> λc. This E(L)
dependence shows that E and L play similar roles in the
system dynamics.

Discussion and conclusions. – The above results,
based on intensive numerical simulations for distinct para-
meters values, point to the following. Energetically driven
random searches exhibit irreversible continuous transition
from an active, survival, to an unique absorbing, death
state. Hence, this kind of system at very low densities
represents a critical phenomenon. Also, they are governed
by critical exponents which do not depend on the problem
particular strategies (µS and µT ) adopted. We have then
that random searches show universal behavior with respect
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Fig. 5: L vs. t for different λ’s. The insets show the net energy,
eq. (2), as a function of t and L. Here µS = µT = 2.0.

to the search diffusiveness, represented by the invariant
values of the critical exponents. Moreover, our β ≈ 0.74,
ν// ≈ 1.75, and ν⊥ ≈ 1.04 here (found for α= 1 and g=
100) are in good agreement with those for (1+1)D directed
percolation (DP) with a perfect depleting wall [36]: β ≈
0.733, ν// ≈ 1.733, and ν⊥ ≈ 1.096, indicating that random
search and DP with absorbing walls belong to the same
universality class. Why this should be the case can be
understood from the simple heuristic arguments next.
The usual DP dynamics in (1+1)D [35,37–42] is illus-

trated in the inset of fig. 3. Very concisely, the initial site
at t= 0 has a probability p of being linked to any of its two
neighbors in row t= 1. Each activated site at row t= 1 can
be connected to any of its two down first neighbors at the
row t= 2, also with probability p, and so on. This “excita-
tion” or self-reproduction process of connecting neighbors
sites at successive rows gives rise to a branching struc-
ture of paths, a key ingredient in DP. For large p’s, the
dynamics forms a pattern crossing (percolating) the whole
lattice. For small p’s, the pattern eventually terminates at
a certain row t= n, when the activated sites at t= n do
not establish any link with those at row t= n+1. In this
way, a second order phase transition takes place at a crit-
ical pc. Finally, in the case of DP with a depleting wall,
there is a special vertical line of sites such that all sites,
say, on and at the left of this line are inactive: the wall
effectively acts as a perfect absorber once sites at such
border cannot be excited by their neighbors [35].
We can establish a qualitative “mapping” between the

two type of problems by directly identifying the reciprocity
between their states and dynamics. First, the rows in DP
represent the successive events of finding a target in the
random search. Thus, to find a first target in the random
search corresponds to the row t= 1 in DP, to find a
second target corresponds to the row t= 2, etc. Second,
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the number of activated sites at a given row in DP is
proportional to the searcher net energy at that associated
target encounter. Note that the spatial occupation in DP
(function of p and wall features) ↔ content of energy in
the random search (function of α and g) bears the E vs.
L linear dependence of the latter (fig. 5).
The crucial branching aspect of DP close relates to

the random search energy gain-loss balance at successive
target encounters. Therefore, p in the former can be
directly associated to the quantity 1/λ in the latter.
Indeed, in DP, the higher the p the greater the number of
activated sites at each t= n. It leads to a larger number of
subsequent paths (the branching phenomenon), increasing
the chances for lattice percolation. In the random search,
the smaller the λ the larger the net energy at each event of
finding a target. Thus, the searcher has a greater energetic
autonomy to keep looking for new targets and can survive
longer, in complete analogy with the DP branching
mechanism. Furthermore, in the opposite limit of small
p’s and large λ’s, the termination of the DP pattern for
p < pc is equivalent to the searcher death for λ> λc.
Finally, the most subtle association between DP with

an absorbing wall and random search concerns what plays
the role of a wall in the latter. In the random search,
the maximum possible gained E depends on t (see, e.g.,
inset of fig. 5). Thus, suppose two successively found
targets at t′ and t′′, with a gain ∆=Et′′ −Et′ . Due to
the energy consumption during locomotion (and since the
energetic content of a single target is g), we have that
∆< g. Actually, in average 0<∆� g for λ less but close
to λc and ∆< 0 for λ> λc. According to the proposed
correspondence, the energies Et′′ and Et′ are proportional
to the number of excited sites at the rows n+1∼ t′′ and
n∼ t′ in the DP problem. But because the mentioned
energy expenditure, the “activated sites” Et′ at the “row”
t′ will not be available in their totally to “turn on the sites”
at t′′. In the DP lattice model, this should be associated
to a proper mechanism which effectively eliminates some
of the excited sites at n+1 (recall that all the active sites
at n+1 comes from the self-reproduction dynamics of the
active sites at n). As previously mentioned, exactly this
kind of effect —leading to critical exponents which agree
with the values found here for the considered α and g— is
obtained by introducing fully depleting walls in the usual
DP dynamics (see, e.g., ref. [35]).
Lastly, we comment on the relevance of the present

results in connection with extinction of biological foragers
at scarce scenarios [43,44]. The existence of a critical
phenomenon governing the process is very positive as
it concerns preservation of searchers as a group (or
species). In spite of the fact we are discussing single
individuals, not taking into account the dynamics of the
prey and predator populations (but see below), we can
think of our findings as representing average behavior
in a metapopulation. Thus, in shortage of targets a
typical searcher should increase as much as possible its
diffusiveness as a survivor strategy (a nice example given
by butterflies [45]). However, the ability to decrease

µS may find limitations due to physical constraints,
landscape difficulties, etc (for birds, see, e.g., ref. [46]),
leading to lower bounds for µS . Hence, for a very harsh
environment, most searchers, as individuals, will perish.
But if the process is a critical phenomenon, for λ≈ λc
strong fluctuations are present (inset of fig. 1) and a
small but non-zero fraction of the searchers may survive
during a considerable time T . For T longer than the
characteristic time for resource recovering [47] (or even
for T longer than the necessary time to adapt to such
scarce context [45,48]), the remaining searchers can restore
the original number of individuals [47] when any sort of
replication/reproduction is possible. Actually, this might
be an ecological mechanism allowing the survival of species
in adverse conditions, as for the elimination of hantavirus
infection [49].
The previous discussion raises the issue of how concrete

biological systems may reach, stay near and finally leave
the critical point. To briefly address it, consider natural
environment dynamics (e.g., seasonality) which during
a time Tenv induce a decrease in resources availability.
Examples are the dry season in the African savanna
and winter periods in temperate parts of the planet.
Ecosystems are generally adapted to such variations.
However, in instances where the changes are too large,
food can diminish to a critical level. Thus, part of the
population can die (e.g., birds in long migrations [46]).
But as earlier mentioned, near the critical point strong
stochastic fluctuations allow the survival of a number of
elements, as seems to be the case for particular crustacean
species in the northeast Pacific coast of Japan [50]. Such
surviving individuals will then be agents for population
recovery. Equally relevant is that usually there is a fitness
distribution —e.g., foraging diffusiveness features [47,
51]— among the organisms of any species. Hence, a given
large λ, already fatal for many, may not be critical for
atypically skilled individuals: those who also (as above)
will be ancestors of future generations. In fact, there is
empirical evidence, at least for birds, that after hardship
conditions, the breeding is mainly due to the more diffusive
foragers [47].
How long the system remains close to the critical point,
Tenv, will depend on the environmental factors. The ratio
T/Tenv, when small, is an important account of long time
population decreasing trends. For instance, if one takes
the random search as a mate-searching process and T as
the average time for which individuals must wait until
finding a mate, our analysis fits very well to the scenario
of the critically endangered Vancouver Island marmota
(a social squirrel) [52]. Nevertheless, even for very large
Tenv’s, biological systems may overcome extinction, chang-
ing their characteristics (e.g., anatomic) to adapt to an
exiguous environment. This is the case for certain snakes
undergoing selection pressure to develop bigger heads in
response to the scarcity of small size preys [48]. A similar
reasoning applies to certain butterflies with very special-
ized feeding and sheltering habits, which became much
stronger flyers than their generalist sibling [45].
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Given the above, one may think about more dras-
tic situations, like around 65 million years ago, when
small mammals were able to survive, whereas dinosaurs
went extinct. Very speculatively we can quest if after a
catastrophic event this was not due to distinct values of λc
for these two groups, consequence of their different diffu-
sive skills.
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