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Random searches often take place in fragmented landscapes. Also, in many instances like animal foraging,
significant benefits to the searcher arise from visits to a large diversity of patches with a well-balanced distribution
of targets found. Up to date, such aspects have been widely ignored in the usual single-objective analysis of
search efficiency, in which one seeks to maximize just the number of targets found per distance traversed. Here
we address the problem of determining the best strategies for the random search when these multiple-objective
factors play a key role in the process. We consider a figure of merit (efficiency function), which properly “scores”
the mentioned tasks. By considering random walk searchers with a power-law asymptotic Lévy distribution of
step lengths, p(�) ∼ �−μ, with 1 < μ � 3, we show that the standard optimal strategy with μopt ≈ 2 no longer
holds universally. Instead, optimal searches with enhanced superdiffusivity emerge, including values as low as
μopt ≈ 1.3 (i.e., tending to the ballistic limit). For the general theory of random search optimization, our findings
emphasize the necessity to correctly characterize the multitude of aims in any concrete metric to compare among
possible candidates to efficient strategies. In the context of animal foraging, our results might explain some
empirical data pointing to stronger superdiffusion (μ < 2) in the search behavior of different animal species,
conceivably associated to multiple goals to be achieved in fragmented landscapes.
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I. INTRODUCTION

Random search (RS) constitutes a class of problems with
applications in a wide variety of fields, such as statistical
thermodynamics (e.g., simulated annealing [1]), genetics (e.g.,
proteins looking for DNA spots [2]), immunology (e.g., pattern
migration of T cells [3]), ecology (e.g., animal foraging [4]),
optimization methods (e.g., genetic algorithms [5]), and even
anthropic social behavior (e.g., human mobility [4,6,7]).

A RS generally involves a dynamical process with a
certain degree of stochasticity. In fact, the searcher needs
to look for target sites whose distribution (in the search
space) is completely or partially unknown. So, given the lack
of information, RSs are usually associated to optimization
techniques, whose aim is to determine the best way of finding
the maximum possible number of targets. Although in many
instances it can be reduced to a single—and thus simple to
characterize—objective (say, minimizing the distance covered
upon the detection of a fixed number of targets [8]), eventually
the most general solution implies the optimization of multiple
demands, leading to conflictive tasks to account simultane-
ously [9,10]. Therefore, efficiency functions suitably designed
for specific, nevertheless relevant, contexts should arise as a
proper figure of merit (or metric) to compare between distinct
search strategies.

The spatial distribution of targets plays a determinant role
in setting the optimal search strategy [4,11]. In this sense,
homogeneous, scale-free, and patchy distributions are the most
studied cases. Consider, for example, animal foraging. Though
homogeneous habitats can be found in distinct situations,
different extents of heterogeneity and fragmentation in the
spatial distribution of resources are reportedly much more
frequent [12–27]. In particular, whereas some kinds of patchy

distributions display typical scales [12–20], other aggregate
forms [21–27] suggest a hierarchical structure consistent with
a scale-free fractal pattern.

This diversity of environments has motivated a large body
of analysis based on random walkers searching in various
landscapes. Regardless of their distribution—but provided all
the targets are similar—it has been shown [28,29] that a very
convenient and general statistical efficiency function (even
when energetic balance is important [29]) is straightforwardly
given by

ηs = N

L
, (1)

with N the number of targets found and L the total distance
traversed in the search. Since L can be written as the product of
N and the average distance 〈Lse〉 traveled between successive
encounters, then ηs can also be expressed as the inverse
of 〈Lse〉 or, in the case of a searcher with constant speed,
as the inverse of the mean first passage time to a target
position.

However, to find a good (eventually optimal) strategy can
become much subtler if the variety of goals and special
constrains of the RS (see, e.g., [30] for an overview) are
key factors. For instance, coming back to the animal foraging
context, in which the patches (representing, say, food source)
often vary in (i) quantity and (ii) quality, individuals can
get more benefits from visits to patches with the highest
density of resources to explore [31–33]. Even then, if (i) is
the case, at least for certain aspects [34] the combination of
statistical physics ideas [35,36] with simple biologically based
mechanisms [34,37]—as to assume the time spent inside a
patch to be proportional to its size [34]—still can allow a
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simple metric like Eq. (1) to render a proper indicator of
advantageous strategies.

The problem is far more complex when it comes to (ii).
On one hand, in a fragmented environment a given value of
ηs in Eq. (1) can arise for searches with distinct numbers of
visited patches and distributions of targets found within them,
provided the overall ratio N/L is the same. But for the forager
to fulfill its needs [38], e.g., of different nutrients which are
found only in distinct patches, it might be necessary to visit to
a large assortment of patches. Moreover, some other aspects
(e.g., the use of patches for protection and breeding [39])
also point to leverage associated with encountering distinct
patches. So, the appreciation of which RS (if any) brings more
assets to the forager cannot be possible analyzing just N/L.
On the other hand, the drive to visit many patches may be
restricted by survival conditions [37]. Indeed, long interpatch
displacements in depleted areas may imply high exposition to
predator, so that the animal must balance the risks and rewards
of leaving a patch [34,40–42]. This issue, once again, is not
taken into account by Eq. (1).

Therefore, for both simple [43] and complex [44] organ-
isms, multiobjective RS aspects [45] such as the number and
diversity of patches visited (gauging the relative diversity of
exploitation) and asymmetries in traveling inside and outside
the patches cannot be ignored when seeking optimization.
Thus we address the general RS problem in fragmented
landscapes, by explicitly considering these points. We assume
search walkers with a power-law asymptotic (truncated) Lévy
distribution of step lengths p(�) = N �−μ, in which the
Lévy exponent μ governs the dynamics of the search as
being anomalous (superdiffusive), for 1 < μ < 3, or normal
(Brownian), for μ � 3 (N is the proper normalization). For
nondestructive, unrestrictedly revisitable, similar targets, it is
well established that the standard value μopt ≈ 2 arises [4],
even in fragmented landscapes [34,36]. However, our main
result here is that by demanding a fair distribution of targets
found among a larger number of patches, the optimal μopt

must decrease towards strategies with a higher degree of
superdiffusivity, approaching the ballistic limit in some special
situations. This finding may be relevant to understand actual
data on resource diversity and patch patterns as compelling
forces in foraging strategies [46–48].

At this point we should emphasize that since Lévy include
Brownian walks as a special case, we are able to start exploring
the well understood and simple Brownian walk scenario while
also being able to study the dynamically much richer Lévy
walks. Also, for the reasons discussed in Ref. [49], correlated
random walks are not plastic enough to deal with all the
instances we address in the present work. So, overall Lévy
strategies yield the higher search efficiencies.

This work is organized as follows. In Sec. II we discuss the
random walk search model dynamical rules and the charac-
teristics of the patchy landscapes analyzed. Furthermore, we
introduce a proper efficiency function for this RS, in which
the number of found patches and their balanced exploitation
are relevant figures of merit. Numerical results are discussed
in Sec. III for two distinct search stop criteria. For different
instances, we show how μopt change compared to the usual
μopt ≈ 2 value. In Sec. IV we present the final remarks and
conclusion.

II. RANDOM SEARCH FEATURES

We start by specifying the features of the patchy landscapes
and the dynamical rules of the search movement. A two-
dimensional (2D) space of area M × M with periodic bound-
ary conditions is randomly filled with Np non-intersecting
identical circular patches of radius R � M . We consider here
landscapes in which M is much larger than any relevant
length of the problem (see below). Pointlike revisitable targets
(nondestructive search [4]), separated by an average distance
lt , do exist only within the patches. So, the smaller the value
of lt , the denser the patches. No target can be found outside
the patches, the depleted region.

We restrict our attention to revisitable targets mainly for two
reasons. The first one is practical. In many contexts, specially
in ecology [34], the patches regions often have high density
of targets (namely, lt is small). In such cases, the specific
type of target is not important. To consider, say, regenerative
targets (once found they become unavailable for future visits
during a recovering time τ ) cannot change qualitatively [4]
the results we report in the present work. The second one is
conceptual. For regenerative targets (τ �= 0) at low densities
it is already known that the optimal value of μ can vary
[29]. Hence theoretically it only remained to check if also
this is the case for nondestructive targets (τ = 0) in frag-
mented landscapes, which is exactly the situation we address
here.

A. How the random walker moves

A random walker with no memory or other information
about the landscape, but with a radius of vision (or perceptual
range) rv , performs the search for targets according to the
following rules [8].

(A) Each walk step j has an orientation angle θj and a
length �j drawn, respectively, from an uniform distribution
and a (truncated) power-law probability density function
(pdf) p(�j ) = N �

−μ

j (1 < μ � 3), for rv < �j < M , and zero
otherwise. We take rv and M as lower and upper limits since
unbounded (infinite) displacements are naturally forbidden in
realistic searches, and steps smaller than the searcher radius of
vision are meaningless.

(B) While traveling the distance �j , the searcher looks
constantly for targets within the radius rv . When a target is
detected, the searcher moves straightforwardly to it and that
step is truncated. If no targets are detected after traversing �j ,
the step is completed. In both cases the process is then repeated,
starting from rule (A) until a stop criterium is achieved (see
below).

A couple of simple but important points on how exactly
the walker moves should be highlighted here. First, differently
from certain models in which the dynamics during the jumps
in not important, rule (B) obviously implies that single
displacements are not instantaneous. In fact, for simplicity
we suppose a same constant speed along any locomotion
process so that time duration and distance traveled are always
proportional. Second, a random walk whose successive step
lengths are chosen from an inverse power law pdf [the case
in the above rule (A)] and movement is not instantaneous is
known as a Lévy walk in the literature [4].
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Regarding the parameters in (A) and (B), first for M →
∞ the power-law distribution of step lengths represents
the long-range asymptotic behavior of the family of Lévy
stable distributions [50]. In this limit case, how the mean
square displacement goes with time strongly depends on the
exact value of μ. Briefly, for μ � 3 the usual central limit
theorem can be evoked and the search dynamics presents
normal (Brownian-like) diffusion properties. For 1 < μ < 3,
the process is superdiffusive. For μ → 1+ the search displays
extreme ballistic features (note that for M → ∞, μ � 1
implies a non-normalizable pdf). In fact, for 1 < μ < 3, the
search consists of rare, but statistically relevant long steps
alternating between many small jumps, in contrast with the
very large straight steps observed for μ → 1+ and the rather
small displacements taken in the Brownian case, μ � 3.
Hence, by changing μ, we are also actually “tuning” the rate
in which the searcher visits new (faraway) regions. All these
aspects are discussed in details, e.g., in Ref. [4].

Second and very important, we assume an extensive
(although finite) search space and M 
 {rv,lt ,R}. Note that
the convergence of the truncated power-law Lévy pdf to the
Gaussian statistics is ultraslow [51], achieved only after a
remarkably large number of steps. As a consequence, the
general properties of the nontruncated Lévy statistics can be
retained to a considerable extent during the search process
[35,52].

The truncated Lévy search differs from the composite
Brownian [53], adaptive [54,55], and intermittent [56] models
considered in previous analyzes of RS in patchy landscapes.
In particular, the searcher employs in the former two cases
[53–55] distinct modes of searching depending on the region
(plentiful of targets or not), or uses a Lévy-modulated
approach [56] by incorporating a time-discrete reorientation
behavior with Lévy statistics into a continuous scanning
process through a correlated random walk. Note that all these
frameworks assume much more sophisticated mechanisms of
habitat “probing” than the present one. So, our model strikes
in a different direction, bearing the relevant query of how
simple can be a RS dynamics, but still being able to identify
efficient strategies with multitask goals. Also, our fragmented
landscapes with well-defined characteristic scales contrast
with the scale-free fractal environments considered in Ref.
[57], as well as with the heterogeneous search generated by a
distribution of initial distances to the last target found [58].

However, our model displays a natural feature which
somehow goes in the same direction as the above mentioned
approaches. Inside the patches, there is an important “build-
in” mechanism: truncation. In fact, the steps truncation
upon finding targets [rule (B) above] imposes a dichotomy
in-out. Note that inside (as expected from resource-rich
regions forming the patches) the density of targets is high
enough to induce a very large number of truncated paths
(see, e.g., [34,37]). Thus the behavior within a fragment
effectively is much less diffusive than out, and regardless of
the strategy used (unless for μ → 3), the searcher displays
different locomotion patterns inside and outside the patches.
This has a parallel with the fact that certain species of
animals may present distinct movements (during foraging)
depending on the availability of resources in the surrounding
landscape.

 out   (1)L

 in

 in

L  (1)

L  (2)

   (2) outL

FIG. 1. Illustrative example of a search for N = 10 targets in a
landscape with Np = 3 patches. Here, the searcher visits only N∗

p = 2
patches, with n1 = 6 and n2 = 4 targets respectively found in the first
and second patches (mean n = 5).

Along the numerical simulations of our RS process, we
record the number of distinct patches visited N∗

p and the
number nm of detected targets in the mth patch, with m =
1, . . . ,N∗

p . The total number of targets found during the search

is thus N = ∑m=N∗
p

m=1 nm and the nm’s mean reads n = N/N∗
p .

At each simulation run, the searcher starts from a random
position outside the patches (see Fig. 1).

Lastly, for our purposes it is enough to assume one specific
type of target per patch. A more general situation—different
qualities of targets in each patch (see the comment in
Sec. II B)—could be treated in the present same fashion.
However, this will not be done here.

B. Proper efficiency function for the problem

In several practical contexts, such as animal foraging,
the choice of a suitable search strategy may constitute the
difference between a successful adaptation to a specific
environment and rather ineffective outcomes (e.g., the death
of an individual or the extinction of a species due to starvation
[59,60]). A RS degree of success can be quantified through a
proper figure of merit, i.e., a well-designed efficiency function.
Certainly, there is not an unique way to define efficiency in a
RS, the most usual choice [4,8] being Eq. (1). Others include
the average of the inverse search time [61] [to be not mistaken
by the inverse of the mean first passage time to a target position,
equivalent to Eq. (1); see Sec. I] and energy-based definitions
[28,59,60,62,63].

When nondestructive targets can be revisited unlimitedly,
as already mentioned the value μopt ≈ 2 emerges in many
different target distribution contexts [4,8,36,54–57]. Actually,
this intermediate value of μopt is a consequence of the balance
between spending more time doing a local “scanning” for tar-
gets (favored by small steps, μ → 3) and moving to previously
unvisited faraway regions (favored by long straight steps, μ →
1). In this scenario, a crossover of the optimal Lévy exponent
towards efficient ballistic searches, namely μopt → 1, could
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take place either if (1) the targets become completely [8] or
temporarily [28] destroyed (consumed) upon encountering,
(2) the region around μ = 2 is forbidden due to energy
restrictions [28,59,60,62,63], or (3) a distribution of initial
positions or perceptual ranges is considered [54,55,58,64].

However, if finding different types of targets is important,
the variables number of patches visited and number of targets
found in each patch must be represented in any metric to
test potentially good strategies. In principle, how to correctly
weight the relative contribution of each factor should depend
on the specific details of the system. Nonetheless, some
valuable guides from empirical evidence suggest that, between
two searches that end up finding the same number N of targets
upon traversing the same total distance L, the one that visits
more distinct patches (i.e., the one with the highest value of
N∗

p) represents the best strategy [38]. Likewise, comparing
two searches with the same N , L, and N∗

p , that with a more
balanced exploitation of resources among the visited patches
is preferable [65,66]. As a negative example, suppose a RS
exploring considerably only one patch, barely reaching the
others N∗

p − 1 fragments. So, the walker ends up acquiring
basically just a few kinds of targets (eventually a single) and
obviously such RS is not efficient in terms of diversity.

Based on these arguments and defining L = α Lout + Lin,
for Lout (Lin) the total distance traveled outside (inside) the
patches, we propose the following general definition of the
search efficiency in patchy landscapes with multiple types of
targets:

η = N∗
p

Np

1

L

N∗
p∑

m=1

nm[
1 + |n−nm|

nm

] . (2)

Here we recall that nm represents the number of targets found
in the mth patch, with n the nm’s mean. Also, values of α > 1
in L is an effective way to ascribe a higher cost in traveling
outside than inside the patches.

A larger number of visited patches increases η, as well as
it does a balanced patch exploitation. Note the denominator
of η is minimized if all patches are equally explored, i.e.,
when nm = n for any m [67]. The previous efficiency ηs ,
Eq. (1), mathematically corresponds to the “homogeneous”
limit N∗

p = Np, α = 1, and nm = n in Eq. (2). However, the
absence of diversity information in Eq. (1) implies that RS with
distinct values of N∗

p and {nm}, but with identical N and L, are
assigned to the same usual efficiency ηs , thus inappropriate
for the present case. The above homogeneous limit can
also represent a homogeneous (patchy-free) environment,
where each pointlike target could be thought of as a “patch”
with no inner structure. Indeed, the changes introduced by
Eq. (2) are relevant for multiple-targets fragmented landscapes,
leading to results distinct from Eq. (1) (see Sec. III). But if
applied to homogeneous environments, η basically recovers
all the reported findings in the literature (originally obtained
from ηs).

Finally, we should mention that few direct modifications of
Eq. (2)—one of them reinterpreting m as the type of target,
instead of the patch label—could be implemented, allowing
one to study the instances where different kinds of targets can
coexist in each patch. Although not addressed here, such an
extension will be the subject of a forthcoming contribution.
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μ
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t2

1 1.5 2 2.5 3
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1.5

ηl
t2

1 1.5 2 2.5 3
μ

0.5

0.75

1

ηl
t2

1 1.5 2 2.5 3
μ

0.4

0.6

0.8

ηl
t2

(a) lt = 5rv (b) lt = 15rv

(c) lt = 55rv (d) lt = 105rv

FIG. 2. Search efficiencies (normalized by the scale factor l2
t ), as

defined by Eq. (2) (continuous) and by the usual Eq. (1) (dashed),
shown as a function of μ. The ballistic and Brownian limits are
represented by μ → 1 and μ = 3, respectively. The typical distances
between neighbor targets within the patches (in terms of the searcher
perceptual range rv) are (a) lt = 5rv , (b) lt = 15rv , (c) lt = 55rv , and
(d) lt = 105rv . The number (Np = 10) and radius (R = 0.1M) of
the patches are fixed. The arrows indicate the optimal strategy for
the efficiency in Eq. (2). While the definition based only on the total
number of targets found, Eq. (1), leads to optimal strategies with μopt
close to 2 for all lt , the η from Eq. (2), which favors a higher diversity
and a more balanced distribution of targets obtained in each patch,
yields for denser patches μopt as low as μopt ≈ 1.3 (i.e., enhanced
superdiffusion approaching the ballistic limit).

Next, we show that the best RS strategies for revisitable
targets of different types in patchy landscapes present optimal
μopt < 2 in a wide range of scenarios. Furthermore, the
particular μopt values depend on the number, size, and
targets density of the patches. This indicates that higher
superdiffusivity actually brings advantage to the searcher when
diversification and balanced exploration are significant factors.

III. RESULTS AND DISCUSSION

For simplicity, in all that follows we consider α = 1 for
Eq. (2) (e.g., if α is not much greater than 1, the μopt value is
not strongly affected by it) and M = 104 rv . Also, the averages
are performed over 2.5 × 103 (5 × 103) simulation runs for
Figs. 2, 4, 5, 6 (7, 8, 9). The first set of results, Figs. 2–8,
represent RS whose finishing criterium is to find a fixed number
N of targets, namely, N = 104. In Sec. III A we will compare
this case with that of searches with a distinct stop criterium.
At this point we should observe that although there is a certain
degree of arbitrariness in the values for the parameters used
here (see also R, Np, and lt below), we emphasize they are
representative of what should be expected in real instances
(see [37] and references therein). Moreover, from intensive
simulations, we have verified that our results are quite robust
in a large range for the parameters.

In Fig. 2 the efficiency η (normalized by the square of lt ,
the average distance between neighbor targets within patches)
is displayed as function of the parameter μ, which governs
the dynamics of the search strategy. From Figs. 2(a) to 2(d)
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μ = 1.1 μ = 2.0 μ = 3.0

FIG. 3. Patterns of visited patches (and the targets within them)
for three search strategies: nearly ballistic (μ = 1.1), superdiffusive
(μ = 2), and Brownian (μ = 3). The parameters values are lt = 10rv ,
Np = 10, and R = 0.1M .

we assume progressively higher lt ’s [measured in terms of
the searcher perceptual range rv; see rules (A),(B) in Sec. II],
corresponding to increasingly scarcer patches. In these plots
the number (Np = 10) and radius (R = 0.1 M) of the patches
are fixed. As an important comparison, ηs from Eq. (1) is also
shown.

First, we always have ηs > η, which is intuitive to under-
stand. Indeed, the task represented by the figure of merit in
Eq. (2) (to find many targets but in an even way) is harder than
that in Eq. (1) (basically finding many targets). Second, from
Figs. 2(a)–2(d) we see that when ηs is measured, the values of
μopt only slightly (when denser patches are considered) depart
from the standard result μopt ≈ 2 for fragmented environments
[36]. Actually, even in the very dense regime of lt = 5rv we
obtain μopt ≈ 1.8, Fig. 2(a). We recall that an optimization
based on Eq. (1) just consists of finding N targets by traveling
the shortest possible path. This goal is achieved by a proper
balance between looking minutely for targets within the
patches (basically a Brownian strategy, μ → 3, but which
for denser patches is also reasonably accomplished through
μ smaller than 3, nevertheless close to it) and leaving the
patch to search for farther regions rich in resources (ballistic
strategy, μ → 1). Scarcer (denser) patches thus lead to μopt

0 30 60 90 120 150
lt / rv

1.2

1.4

1.6

1.8

2

μ op
t

FIG. 4. Optimal search strategy, μopt, as a function of the average
distance between neighbor targets within the patches, lt , evaluated
from the efficiency η, Eq. (2). The parameters are Np = 10 and R =
0.1M . The standard value μopt ≈ 2 holds in the sparse limit, in which
the patch visitation rate approaches 100% (see Table I). In contrast,
in the dense regime, optimal strategies with enhanced superdiffusion
and values of μopt as low as μopt ≈ 1.3 emerge when the encounter
of a higher diversity of patches with a balanced distribution of targets
found becomes a significant factor.

0 0.02 0.04 0.06 0.08 0.1
R / L

1.7

1.8

1.9

2

μ op
t

FIG. 5. Same as in Fig. 4, but for μopt from Eq. (2) as function
of the patches radius R. The parameters are Np = 10 and lt = 10rv .
As larger patches are considered, μopt presents a fair decrease with
respect to the standard value μopt ≈ 2, corresponding to search
strategies with a certain tendency to enhance superdiffusive dynamics.

very close to (a bit smaller than) 2 [68], a finding also shared
with nondestructive searches in low-density homogeneous
landscapes [8].

The picture changes drastically if visiting a larger diversity
of patches in a “harmonized” way is an issue, the case for η

in Eq. (2). The plots for η in Fig. 2 clearly show a tendency to
smaller values of μopt, mainly in the denser regime, indicating
that a higher degree of superdiffusivity is preferable in this
scenario. In fact, in Fig. 3 we illustrate (for a fixed lt = 10rv)
how the visits to new patches are enhanced as μ decreases.
Table I also quantifies this fact considering distinct lt ’s. In
particular, we observe that essentially 100% of the patches (i.e.,
N∗

p = Np) are visited at least once in the low-dense regime
(lt � 55rv) for all values of μ. Consequently, the number of
visited patches is not a critical factor in this limit, with the
results for the efficiencies ηs and η becoming qualitatively
similar. Moreover, from Fig. 4 (which displays μopt versus
lt /rv), we have that η for low- and intermediate-dense patches
targets density (lt � 15rv) is still maximized for values μopt �
1.8.

On the other hand, for plentiful patches, say lt = 5rv in
Table I, the percentage of visited patches drops significantly
to only 16.1% for Brownian search walkers (μ = 3), still

0 2 4 6 8 10
Np

1.7

1.8

1.9

2

2.1

μ op
t

FIG. 6. Same as in Fig. 4, but for μopt from Eq. (2) as function
of the number of patches Np . The parameters are lt = 10rv and
R = 0.1M . Similar to the large-patch regime of Fig. 5, strategies
with certain enhanced superdiffusive dynamics (1.7 � μopt < 2) are
favored when Np � 3.
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μ
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1
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L/
10

7

FIG. 7. Total distance L traversed as a function of μ for a RS
whose stop criterium is to find targets from all the Np = 10 patches
in the environment (see main text). Here R = 0.1M and lt = 10rv

(lt = 100rv in the inset).

remaining considerably high (87.1%) in the nearly ballistic
regime (μ = 1.1). Hence the trend to stay longer in fewer
fragments while performing a less uniform patch exploitation
(a consequence of the high targets density within each
patch)—thus leading to larger deviations from the mean n in
Eq. (2)—can be compensated by adjusting μopt to values as low
as 1.3 for lt = 5rv , i.e., a tendency towards the ballistic limit;
see Fig. 4 [note that for this very same parameters condition,
a much larger μopt ≈ 1.8 is obtained from Eq. (1), Fig. 2(a)].

It is worth remarking that in the dense regime of Fig. 2(a),
there is a range of strategies 1 � μ � 1.5, for which η(μ) ≈
η(μopt). A similar feature has also been reported in 2D destruc-
tive searches [55,69] and in two-mode adaptive search walks
[55]. In the former, a target is destroyed once encountered
in a homogeneous [69] or patchy [55] landscape. The optimal
ballistic strategy (μ → 1) is found to be nearly as good as those
with μ up to ≈1.5. This result contrasts with the 1D destructive
RS, in which the relative advantage of ballistic searches is
uppermost [8]. On the other hand, in the 2D adaptive search
model, the walker switches between non-Lévy intensive and
superdiffusive Lévy extensive modes if no target is found after
traversing some giving-up distance �50rv [55]. We stress that
in both works [55,69] the usual definition of efficiency, Eq. (1),
has been employed. So, in such studies, the number of visited
patches increases due to either the absence (on average) of
nearby targets after an encounter in the destructive regime,
or by the switching to the superdiffusive mode, taking place
relatively often since the giving-up distance is not so large
given the environment fragmented structure.
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FIG. 8. Same as in Fig. 7 but for N , the number of targets found.

TABLE I. Percentage of visited patches as a function of the
average distance between neighbor targets within the patches, lt , and
the search strategy, μ. Parameters as in Fig. 4.

Strategy lt = 5rv lt = 15rv lt = 55rv lt = 95rv

μ = 1.1 87.1% 100.0% 100.0% 100.0%
μ = 2.0 40.5% 99.0% 100.0% 100.0%
μ = 3.0 16.1% 36.0% 99.0% 100.0%

So, to consider the here proposed definition of an efficiency
metric, Eq. (2), would certainly magnify even further the
relative gain of the optimal search strategies in the above
mentioned RS contexts in which one also requires targets
diversity. In fact, the use of the standard definition ηs in
patch scenarios of revisitable (nondestructive) targets with
a single-mode searcher does not show any indication of
enhanced superdiffusivity related to the benefits of finding
a balanced diversity of patches. A better figure of merit,
such as Eq. (2), is therefore necessary to highlight the actual
importance of these demands in general random searches as
well as in animal foraging.

To characterize the role of the radius R and the number of
patches Np on the optimal strategy, we first show in Fig. 5 the
value of μopt for η as function of R/M , with fixed Np = 10
and lt = 10rv . The optimal search strategy for very small
patches (R = 0.01M) approaches μopt ≈ 2. In this regime,
the patches’ borders are quickly reached and the searcher
often leaves them to look for farther fragments, resulting in
a high patch visitation rate. Then, the usual ηs and η behave
qualitatively similar (as in the low-dense limit discussed
above). In contrast, when larger patches are considered, the
efficiency functions ηs and η become distinct, with the value
of μopt for the latter decreasing. However, we note in Fig. 5 that
μopt remains limited to the range 1.7 � μopt � 2, so still very
far from the ballistic strategy [e.g., if compared to μopt ≈ 1.3
in the high-dense limit, Fig. 2(a)].

Bigger fragments in the search landscape imply longer
stays inside each patch. So, only a small number of them
is required to accomplish the search task: to find a fixed
number N of targets. Moreover, this lower diversity of
explored patches also increases the variance of the mean
number n of targets found per patch, leading to a lower η in
Eq. (2). So, enhanced superdiffusive searches with μopt < 2
are necessary to compensate large R’s induced “trapping”
drawbacks. Actually, these mechanisms perfectly explain the
percentage of visited patches, as function of R, shown in
Table II, in which one observes an inverse trend with respect
to lt in Table I.

TABLE II. Percentage of visited patches as a function of the
radius of the patches, R, and the search strategy, μ. Parameters as in
Fig. 5.

Strategy R = 0.01M R = 0.04M R = 0.08M R = 0.1M

μ = 1.1 100.0% 100.0% 100.0% 100.0%
μ = 2.0 100.0% 99.8% 90.4% 82.1%
μ = 3.0 98.6% 43.2% 26.3% 23.9%
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TABLE III. Percentage of visited patches as a function of the
number of patches, Np , and the search strategy, μ. Parameters as in
Fig. 6.

Strategy Np = 1 Np = 4 Np = 6 Np = 8 Np = 10

μ = 1.1 100.0% 100.0% 100% 100.0% 100.0%
μ = 2.0 100.0% 98.8% 95.4% 89.4% 82.1%
μ = 3.0 100.0% 47.7% 35.7% 29.1% 24.2%

For η, we display in Fig. 6 the values of μopt as a
function of the number 1 � Np � 10 of patches available for
visits. Here the parameters are R = 0.1M and lt = 10rv . The
plot shows that Np has an effect similar to R. Indeed, an
extremely small number of patches (Np = 1 or 2) leads to
no relevant distinction between the overall behaviors of ηs

and η, and the optimal value μopt ≈ 2 emerges from both
measures. However, as Np grows, one needs strategies with
enhanced superdiffusion—in fact, optimized for values of
1.7 � μopt < 2—in order to increase the efficiency η in Eq. (2).
This is corroborated by the results in Table III, where we
observe a tendency of a smaller number of distinct patches to
be visited when Np increases.

A. Distinct criterium for ending the RS: N∗
p = Np

We now consider a different criterium for ending the RS.
The task is completed and the search stops when all the patches
available are visited, i.e., when the first target in the last patch
still not visited is finally found. So, this implies that N∗

p = Np

and both the number of targets found N and the total distance
traversed L vary with μ. Although this criterium assumes
a certain degree of information since the searcher “knows”
how many patches exist (but not their location), it has the
interesting feature of allowing comparisons between distinct
search strategies in a context where visiting a larger number
of patches no longer corresponds to an effective advantage.

It is important to emphasize that the N∗
p = Np search stop

condition does not make ηs and η automatically equivalent.
This would be so only if the targets found were equally
distributed over the patches, i.e., nm = n for any m in Eq. (2).
Nevertheless, we expect the overall shape of η and ηs to fairly
agree (specially the values of μopt) since this is the case when
the patches visitation rate approaches 100% [see Fig. 4 (lt
large) and the corresponding Fig. 2, and also Fig. 5 (R small)
and Fig. 6 (Np small)].

For both scarce (lt = 100rv) and dense (lt = 10rv) environ-
ments we display, respectively in Figs. 7 and 8, L and N as
function of μ considering the RS stop when, as explained, the
searcher finally finds targets from all the Np = 10 patches. We
see that N and L always increase monotonically with μ. This
illustrates the fact that the Brownian searcher [for which the
�j ’s, rule (A) in Sec. II, are relatively small] finds the highest
number of targets. But it needs to perform the longest travels
in order to visit all patches. On the other hand, the ballistic
strategy covers the smallest distance to detect all patches, but
also it encounters the fewest number of targets during the
search.

The relevant key feature, however, is that the L and N

curves do not have similar slopes. Thus, differently from L
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ηl
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FIG. 9. Search efficiencies (normalized by the scale factor l2
t ), as

defined by Eq. (2) (continuous) and by the usual Eq. (1) (dashed), as
function of μ. The RS stops as soon as targets from all the Np = 10
patches are found (see main text). The parameters are R = 0.1M and
(a) lt = 10rv (in a dense) and (b) lt = 100rv (in a scarce) regime of
targets density. The standard value μopt ≈ 2 always holds, indicating
that both efficiencies are maximized for nearly the same μ when
visiting a larger number of patches is no longer a relative advantage.
Systematically, η is about 40% lower than ηs .

and N alone, the ratio N/L is not a monotonic function of
μ. The resulting efficiencies ηs and η are shown in Fig. 9.
Note that qualitatively they are very akin, as it should be from
our previous discussion. Furthermore, for both ηs and η the
standard solution μopt ≈ 2 emerges as an optimal compromise.

As a final remark, we observe from Fig. 9 that under the
present halting criterium, the unequal number of targets found
among the patches—which in this case is responsible for the
difference between Eqs. (1) and (2)—essentially promotes an
almost homogeneous reduction (here of 40%) of the efficiency
η compared to the usual ηs . This same propensity is seen in
Fig. 2 for a different RS stop constraint. But then the exact
reduction depends on μ and other parameters.

IV. REMARKS AND CONCLUSION

In conclusion, in this work we have revisited the RS
problem in the frequent scenario of patchy environments. We
have considered contexts in which the encounter of a large
diversity of patches with a well-balanced distribution of targets
found constitutes a quite relevant goal. So, to identify the
best strategies, we have proposed an efficiency function η,
Eq. (2), which satisfactorily merits the achievement of these
multiple tasks. This η clearly contrasts with the widely used
search efficiency ηs (very appropriate for single-objective RS),
calculated as the number of targets found per total distance
traversed.
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By considering simple nevertheless flexible and general
random searchers with a power-law Lévy distribution of
step lengths, we have shown that the standard best strategy
(for usual single-objective RS) of exponent μopt ≈ 2 no
longer holds broadly. Instead, optimal searches with enhanced
superdiffusivity emerge mainly in the regimes of abundant,
large, and dense patches, including values as low as μopt ≈ 1.3
(i.e., tending towards the ballistic limit).

We also observe that it is certainly possible to think of
more complex search “habitats” than the ones considered here:
some patches can be more relevant than others, each patch can
contain different types of targets (also in different proportions),
traveling costs can depend on the precise spatial region, etc. In
each context, a particularly tailored figure of merit might be
designed in order to satisfactorily compare distinct strategies in
specific situations, conceivably yielding even richer efficiency
profiles than those, e.g., in Figs. 2 and 9. Hence, one of the
main messages of the present work—illustrated through a
very emblematic case—is to highlight such usually overlooked
aspect in RS optimization.

Our findings can also be crucial to understand animal
foraging [4], often taking place in patchy environments. As
the patches vary in quality and quantity, animals can get more

benefits by visiting a larger diversity of resourceful fragments
through suitable strategies. Their general purposes may involve
fulfilling their nutritional needs, mating with individuals of
more diverse (and distinct) genetic pools, etc.

More concretely, some recent field studies of animal
foraging with power-law distributions of step lengths have
reported on enhanced superdiffusive behavior, such as for the
wandering albatross, whose average over the empirical data
set indicated μ̄ = 1.75, but with some individuals foraging
with values as low as μ = 1.14 [70]. Moreover, small values
of μ have also been verified for jellyfish (μ = 1.18 [71])
and some marine predators (μ = 1.63 [27]). While the exact
mechanisms underlying these results are still not totally clear,
the present work might represent a step forward in unveiling
the necessity of stronger superdiffusion for multiobjective RS
in patchy landscapes. Thus our analysis potentially may help to
explain certain types of empirical data, like the ones mentioned
here.
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shackles of optimal foraging, Phys. Life Rev. 14, 59 (2015).

[10] M. G. E. da Luz, E. P. Raposo, and G. M. Viswanathan, And yet
it optimizes, Phys. Life Rev. 14, 94 (2015).

[11] V. Méndez, D. Campos, and F. Bartumeus, Stochastic Foun-
dations in Movement Ecology: Anomalous Diffusion, Front
Propagations and Random Searches (Springer, Berlin, 2014).

[12] T. M. Scanlon, K. K. Caylor, S. A. Levin, and I. Rodriguez-
Iturbe, Positive feedbacks promote power-law clustering of
Kalahari vegetation, Nature (London) 449, 209 (2007).
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Lévy Search Strategies, Phys. Rev. Lett. 91, 240601 (2003).

[29] M. C. Santos, E. P. Raposo, G. M. Viswanathan, and M. G. E. da
Luz, Optimal random searches on revisitable targets: crossover
from superdiffusive to ballistic random walks, Europhys. Lett.
67, 734 (2004).

[30] The Random Search Problem: Trends and Perspectives, edited
by M. G. E. da Luz, A. Grosberg, E. P. Raposo, and G. M.
Viswanathan, special issue of J. Phys. A 42 (2009).

[31] D. Goulson, Foraging strategies of insects for gathering nectar
and pollen, and implications for plant ecology and evolution,
Perspect. Plant Ecol. 2, 185 (1999).

[32] L. Froissart, C. Bernstein, L. Humblot, I. Amat, and E. Des-
ouhant, Facing multiple information sources while foraging on
successive patches: how does a parasitoid deal with experience?,
Anim. Behav. 83, 189 (2012).
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as Lévy walks?, Physica A 389, 4740 (2010).

[56] F. Bartumeus and S. Levin, Fractal reorientation clocks: Linking
animal behavior to statistical patterns of search, Proc. Natl.
Acad. Sci. USA 105, 19072 (2008).

[57] A. S. Ferreira, E. P. Raposo, G. M. Viswanathan, and M. G. E. da
Luz, The influence of the environment on Lévy random search
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searches: universal behavior at low target density, Phys. Rev. E
86, 061102 (2012).
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