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Subjective expectation of rewards can change the
behavior of smart but impatient foragers
Marcos Gomes Eleuterio da Luza,1, Ernesto P. Raposob, and Gandhimohan M. Viswanathanc

Search efficiency can be a matter of life and death in
biological encounter processes. Animals that fail to
explore their environments efficiently suffer height-
ened risk of earlier death (1). Some theoretical as-
pects of foraging are closely related to the random
search problem of determining the best strategy for
optimizing the search when (i ) targets are distributed
in unknown spatial locations and (ii) learning and other
skills (such as long-range ability to detect prey) do not
significantly alter the choice of long-term strategy.
Also, it is well known (1) that foragers that learn usually
outperform foragers that do not. However, it is not yet
well established how foraging patterns change when
foragers are cognitively complex. In PNAS, Namboodiri
et al. (2) propose an interesting framework to understand
possible changes in such spatial patterns.

Their plausible premise, assuming a smart for-
ager, is that the searcher can attempt to improve
future outcomes by determining, through explor-
atory trial and error, a good strategy. The forager
searches by sampling the environment and using
“different step lengths so as to maximize the ability
to detect differences in reward distributions associated
with each step length.” The model by Namboodiri
et al. (2) predicts that animals attempting to learn op-
timally from their landscapes will have asymptotically
power law-distributed move lengths x. Essentially,
such a probability density function (PDF) pðxÞ arises
as a consequence of a built-in temporal discount-
ing function DðtÞ, which, according to many behavior-
al experiments (ref. 2 and also below), should have
a “hyperbolic-like” functional form proportional to
ð1+ t=cμÞ−μ, where t is the delay time for access to
the reward. The case μ= 1 is often called the hyper-
bolic discounting function and cμ=1 represents a pro-
per scaling for the underlying dynamics (2). What
makes their contribution interesting is that these power
law tails are also predicted by the so-called Lévy flight
foraging hypothesis (3, 4), proposed to describe ran-
dom searches in which features i and ii above hold true.

The Virtues of Impatience
Temporal discounting is ubiquitous (5, 6). It is the pref-
erence for a reward now or soon rather than the same (or

even a somewhat higher) reward later. In economics,
temporal discounting is conventionally assumed to be
exponential, which is the basis of compound interest
(6). For example, if the rate of inflation is fixed, cash de-
values exponentially. Empirical studies of discounting
choices made by real animals showed that exponential
discounting is not necessarily standard (7–13). Many an-
imals seem to use hyperbolic discounting, humans included.

Specifically, for a discounting function DðtÞ in the
form mentioned above, the reward is discounted very
rapidly in the near future, but then more slowly in the
distant future (and with a higher rate for larger μ and
smaller cμ). The reasons for preferring hyperbolic over
exponential discounting are the subject of intense de-
bate (6, 14). However, we point out that living organisms
live far from thermodynamic equilibrium, subject to death,
after which time temporal discounting is meaningless. Hy-
perbolic discounting is present-biased, whereas exponen-
tial discounting treats all times on an equal footing. Because
an animal is alive in the present but only probably in the
future, a present-biased temporal discounting function may
very well be a good bet for a forager.

Hyperbolic functions are power law-tailed. Further
extensions of the hyperbolic function have been discussed,
such as the q-exponential time discount model (15), in
which one considers DqðtÞ= ½1+ kqð1−qÞt�−1=ð1−qÞ, which
approaches the hyperbolic and exponential models in the
limits q=0 and q→1, respectively. For 0<q<1, a long-
term power law behavior emerges identical to the above-
mentioned function DðtÞ with exponent μ= 1=ð1−qÞ.

Namboodiri et al. (2) exploit the subjective value SV
of rewards r, which, in the case of constant error in the
perception of time for each flight (noiseless temporal
representation), is given by SVðr , tÞ= r  DðtÞ. Their key
assumption is DðtÞ to be a hyperbolic-like function, as
proposed in refs. 16 and 17. Because foragers can learn
by experience, Namboodiri et al. (2) show that the
movement patterns that arise from using this distribution
of SV values are characterized by hyperbolic-like prob-
ability densities of move lengths. Technically, this result
is derived through a statistical treatment (supporting
information of ref. 2). For the sake of clarity, we briefly
review here the main result in the study by Namboodiri
et al. (2). We choose to do so with a simplified approach,
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but with just enough rigor and detail to be useful in helping us to pin-
point concrete issues and relevant aspects concerning the findings in
that study. So we depart moderately fromNamboodiri et al. (2) and give
a slightly different (but almost equivalent) treatment to convey their
ideas more clearly.

Suppose that individual step lengths’ x’s (along straight lines
and of constant speed v >0) are drawn from ðx1, x2, . . . , xNÞ. Given
the stochastic character of the search endeavor, the obtained re-
ward rðxnÞ, depending on x in the more general case, for traveling a
distance xn should be viewed as a distribution rather than a single-
valued function, whose exact average is hrðxnÞi. According toNamboodiri
et al. (2), the subjective value associated with this process is
SVðr , xnÞ= rðxnÞ DðxnÞ. Note that, for convenience, we can write this
relation in terms of x (since t = x=v).

Let us reduce the inherent randomness in SVðr , xÞ by working with
averages. Thus, assume that one can perform Mn realizations of single
walks of step length xn, imposing that the total number of steps of the
entire sampling procedure is

Pn=N
n=1 Mn =M, with M fixed. Define then

hrðxnÞiMn
=
Pm=Mn

m=1   rmðxnÞ=Mn for rmðxnÞ, the m-th value obtained for r
when x = xn. In this way, hrðxnÞiMn

is an approximation for the truemean,
which should converge to the correct average for Mn →∞. From this
definition, we can get the approximate average subjective value
hSVðr , xnÞiMn

= hrðxnÞiMn
 DðxnÞ.

Now, the question is how to minimize the global (i.e., taking
into account all of the xn’s) uncertainty for SV, given that the
forager can only do a finite sampling. One possible way is to
determine an appropriate set fM1,M2, . . . ,MNg that mini-
mizes F =

Pn=N
n=1   ðhSVðr , xnÞiMn

− hSVðr , xnÞiÞ2, subjected to a fixed
M. The minimization is accomplished by imposing that
∂=∂Mn½F + λðPN

n=1Mn −MÞ�=0 for all n, with λ being the Lagrange
multiplier. Thus, Δr ðxn;MnÞ= hrðxnÞiMn

− hrðxnÞi:

DðxnÞ2   ∂
∂Mn

Δr ðxn;MnÞ2 + λ= 0 [1]

Considering that all of the Mn’s are large enough so that any
deviation from an average value goes (in the usual way) with the
inverse of the square root of the number of trials, one can plausibly
and fairly hypothesize that Δr ðxn;MnÞ= fr ðxnÞ=

ffiffiffiffiffiffiffi
Mn

p
[with fr ðxnÞ

being a function that correctly gives the spatial dependence of
Δr ðxn;MnÞ, thus being specific model-related].

Finally, because, by definition, Mn=M represents the probability
PðxnÞ of chosen a step of length x = xn, it follows from Eq. 1 that

PðxnÞ∝ fr ðxnÞ  DðxnÞ. [2]

In the paper by Namboodiri et al. (2), the supposition is that fr ðxnÞ
(in fact, the equivalent of this function in the formalism there) can be
approximated by a constant. [In supporting information of ref. 2, it is
stated that: “This [the expression for pðxÞ] in turn results from the
assumption that the error in perception of time for each flight time is
constant. This is an inaccurate assumption as it is known that errors in
the representation of longer temporal intervals are larger.”Namboodiri
et al. (2) then propose a model with temporal noise, not discussed
here.] So, in the continuous limit for x, Eq. 2 results in the PDF:

pðxÞ∝ 1
ðc + xÞμ. [3]

The proposed framework of Namboodiri et al. (2), summarized in Eq. 3,
is, in principle, able to account for the powerlaw tails in the move
lengths of foraging animals (usually taken as pðxÞ∝1=xμ). Such power
law behavior for large x’s has received overwhelmingly empirical

support in the past decade or so (e.g., see refs. 3, 18, and 19). In-
terestingly, combinations of memory skills and learning from the en-
vironment have also been explored in foraging models, leading to
optimal Lévy statistics (20–24). This issue, however, still remains
somewhat controversial, including the debate in the context of the
Lévy flight foraging hypothesis (24–27).

An initial technical observation concerns the quantity r, the re-
ward. The assumption that the related function fr ðxÞ is independent
of x is, of course, plausible in different situations. But certainly, a
more general fr ðx) (beyond noise fluctuations; section 2.1.5 in sup-
porting information of ref. 2) demands further examination. It should
also be possible to distinguish temporal discounting effects empir-
ically from search optimization effects. Moreover, three comments
about inference of the parameter c are in order. First, for large
enough x, the PDF for step lengths given in Eq. 3 does behave like a
pure power law pðxÞ∝ 1=xμ. So, to check Eq. 3 experimentally, one
should be able to test (with significant statistics) relatively short
steps. A particularly interesting and curious result is the one in figure
3C of ref. 2. The hyperbolic-like function (with two free parameters, μ
and c) seems to be a better fit model than a truncated power law for
data of single shark individuals, specially for the long steps, when, in
principle, both distributions should closer agree. This finding may
indicate that learning skills for sharks are indeed important. Second,
power laws are the asymptotic limit of Lévy α-stable distributions,
which constitute the theoretical support for the Lévy flight hypoth-
esis (3). For optimization purposes, long steps matter the most (4),
hence a common practice (but hardly highlighted in the literature) is
to suppose power laws as the basic PDFs (3). Nevertheless, if one
assumes the actual full expressions for the Lévy distributions, a sat-
uration parameter like c in Eq. 3 would be present. [For example, the
Cauchy, which is a Lévy stable distribution with α= 2, is proportional
to 1=ðc + x2Þ. But note a certain difference from Eq. 3 for μ=2.] Were
it not for this saturation, the PDF would contain a singularity. So, again,
empirical characterization of c is needed to test whether or not it is
compatible with a DðtÞ. Third, it is possible to have certain correlations
for the short step lengths without altering the general results regarding
optimization (28). Temporal discounting should lead not only to power
law tails but to short-range effects, observable in the small steps dis-
tribution, which should then be tested against the parameter c here.

A New Explanation for Lévy Flights
The findings reported by Namboodiri et al. (2) fit into the broader
context of prior studies. There have thus far been three basic ap-
proaches to explain power law-tailed distributions of move lengths in
foraging.

Perhaps the simplest explanation, now a minority view among spe-
cialists, is that power law-tailed distributions are due either to experi-
mental error or to faulty data analysis (29–31). However, since the
seminal works by Sims et al. (18) and Humphries et al. (19), which ap-
plied improved statistical methods of data analysis to more than 106

data points of marine foragers, the existence of heavy-tailed truncated
power law Lévy-like distributions of foraging move lengths has ceased
to be a matter of debate. Nowadays, about 20 extensive empirical
studies on a broad variety of animal species have indisputably reported
on animal Lévy foraging patterns as well (32).

The second explanation is the Lévy flight foraging hypothesis
that we proposed in 1999 with S. Buldyrev, S. Havlin, and H. E. Stanley
(4). According to this hypothesis, organisms must have evolved via
natural selection to exploit the optimal search strategies provided by
truncated power law Lévy-like distributions of move lengths under
scarce information on the environment and sparse conditions. Given a
clear ecological scenario, Lévy flights not only optimize (33), but the
resulting power law behavior is not already contained in the assumptions
of the hypothesis (i.e., it is not a case of “power law in, power law out”).
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The third explanation is emergence (32, 33). The movement of for-
agers in disordered environments canmimic a Lévy flight pattern due to
the interaction between the searcher and the landscape. It is known that
such emergence does occur in specific geometries (34) or in some kinds
of fractal landscapes (18). Moreover, if the foraging strategy has two
search modes, of intensive searches that alternate with relocation
events, then it is possible for the move lengths to reflect more than one
characteristic scale (32). Multiscale behavior is similar to scale-free be-
havior, and both are related (to differing extents) to power laws (35).

The results of Namboodiri et al. (2) raise a new possibility to explain
the observed power law tails in move length distributions. Factors that
rely onmemory and learning can influence the subjective expectation of
rewards during the search. These psychological aspects can lead to the
best (or just good enough) strategy to follow while foraging. In fact, a
too-low expectation can even trigger drastic changes in the usual
hunting habits, as recently reported for big felines (36).

Surely, we can eliminate temporal discounting as the correct ex-
planation for cognitively too simple foragers and when the resources in
the environment are so dynamic that past information cannot be of any
help for future exploration. However, this proposed mechanism for
animals that move very intelligently probably should play a relevant role
in the searching behavior. [Experiments with humans (2) point to the
importance of temporal costs while performing spatial exploration tasks.

However, Namboodiri et al. (2) prudently mention the necessity of more
tests, generating larger datasets (e.g., the cumulative distribution
function in figure 2C of ref. 2 clearly cannot be fitted by either a
power law or a hyperbolic distribution).]

Finally, in a wider view, one might argue that these results do not
contradict the Lévy flight foraging hypothesis. Power law distribution of
step lengths results in optimal search outcomes (3). So, individuals
possessing learning expertise and whose original function Dorig.ðtÞ is
somehow close to the DðtÞ proposed by Namboodiri et al. (2) would
induce a more profitable foraging behavior. Therefore, in a kind of
feedback process, evolution might run its usual course through natural
selection, but with Dorig.ðtÞ→DðtÞ, driving organisms to develop
hyperbolic-like distributions of subjective values of rewards. This
concomitant reinforcement of random search optimization with an-
other biological aspect, determining a same evolutionary direction,
has been recently suggested (33) as a hierarchical Lévy flight foraging
hypothesis (HLFFY). Amazingly, the findings of Namboodiri et al. (2)
may be the first concrete example in the literature of a HLFFY. We are
confident that the work by Namboodiri et al. (2) will bring new
insights into the fascinating field of movement ecology.
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