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A relevant problem in the statistical and mathematical physics literature is to derive numerically accurate 
expressions to calculate Lévy α-stable distributions Pα(x; β). On the formal side, important exact results 
rely on special functions, such as Meijer-G , Fox-H and finite sums of hypergeometric functions, with 
only a few exceptional cases expressed in terms of elementary functions. Hence, from a more practical 
point of view, methods such as series expansions are in order, e.g., to allow for the estimation of 
the Lévy distribution with high numerical precision, even though most of the existing approaches are 
restricted to a subset of the distribution parameters and/or usually demand relatively time-consuming 
sophisticated algorithms. Here we present a rather simple truncated expansion for the case of symmetric 
Lévy distributions Pα(x) (β = 0). This is achieved by dividing the full range of integration into windows, 
performing proper series expansion inside each, and then calculating the integrals term by term. The 
obtained representation is convergent for any 0 < α ≤ 2. Moreover, its accuracy is directly controlled by 
the number of terms in the truncated expression, being straightforward to implement numerically. As we 
show with different examples, for almost all allowable α’s the calculations lead to Pα(x) with reasonable 
low absolute error for computationally inexpensive simulations.

© 2018 Elsevier B.V. All rights reserved.
1. Introduction

Stochastic analysis methods are useful to describe a large num-
ber of phenomena in natural and social systems, belonging to di-
verse areas, including physics, biology, economics, and sociology. 
A fundamental result in this context is the central limit theorem 
(CLT) [1–4]. The generalized CLT (GCLT), due to Paul Lévy and oth-
ers, has even broader implications, dealing with a whole family 
of stable distributions [5–9]. In the ‘classical’ case, a weak version 
of the CLT establishes that the sum of independent and identi-
cally distributed random variables of finite variance converges to a 
Gaussian distribution. The GCLT relaxes this condition of finite vari-
ance, but instead the sum converges to the so-called Lévy α-stable 
distribution, which is parameterized by the Lévy index 0 < α ≤ 2
[10–17].
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In the case of finite variance, the underlying dynamics is asso-
ciated with processes presenting normal diffusion, with Gaussian 
propagators and mean square displacement of the particles scal-
ing linearly with time. In contrast, a diverging variance is related 
to anomalous diffusion. In this case, the corresponding dynamics 
very often display long-range correlations, special kinds of disorder 
and randomness, and highly non-linear behavior. In this context, 
Lévy stable distributions have been used to model many-particle 
quantum problems [18], random lasers [19] and laser cooling [20], 
solid polymers [21], financial data [22], and distinct aspects of 
thermodynamics [23,24], to cite just few examples. It has also im-
portant links to areas such as fractional calculus, relevant in topics 
such as viscoelastic, anomalous diffusion, and heat transfer [25,
26].

We can represent all the possible stable distributions [1]
through a Fourier transform. The α-stable Lévy distribution has the 
probability density function f (x; α, β, μ, σ) given by

f (x;α,β,μ,σ ) = 1

2π

∞∫
dt exp[φ(t)] exp[−ixt], (1)
−∞
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where

φ(t) =

⎧⎪⎨
⎪⎩

itμ − |σ t|α
(

1 − i β sign[t] tan[π
2 α]

)
for α �= 1,

itμ − |σ t|
(

1 + i β 2
π sign[t] ln[|t|]

)
for α = 1.

Here μ, σ are reals and β ∈ [−1, 1]. The Lévy index α ∈ (0, 2] gov-
erns the asymptotic behavior of the distribution f (x; α, β, μ, σ) in 
the form of the power-law tail ∼ x−α−1. Hence, the Lévy index 
parametrizes the type of statistics related to the random variable. 
For example, when there are large (nonetheless uncorrelated) ve-
locity fluctuations with diverging second moments, the particle 
displacement is given by a Lévy stable distribution with 0 < α < 2. 
For α = 2, one recovers the Gaussian, since the second moment 
is finite and the usual CLT is valid. The other parameters de-
scribe the asymmetry or skewness β ∈ [−1, 1], the shift or location 
(μ ∈ (−∞, +∞)), and the scale (σ ∈ (0, ∞)).

Exact formal expressions for the Lévy α-stable distributions, 
Eq. (1), exist in terms of the involving Meijer-G and Fox-H func-
tions, which are generally expressed in the form of Mellin–Barnes 
integrals (see, e.g., [27–31]). But due to the practical importance 
of Lévy distributions in a huge diversity of phenomena and the 
fact that only in few cases (e.g., α = 1 and β = 0 Cauchy, and the 
boundary limit α = 2 Gaussian) Eq. (1) can be cast in terms of el-
ementary functions (simple to estimate), many efforts have been 
made to devise alternative protocols to calculate (either exactly or 
approximately) Eq. (1). In this way, some series expansions for the 
Lévy distribution have been proposed [32–35] (mainly in the sym-
metric β = 0 case). For instance, in a classical work, Bergström [34]
have addressed exact series representations for Lévy α-stable dis-
tributions, deriving two distinct convergent expressions: one, B1, 
for 0 < α < 1 (curiously, with B1 also leading to the correct 
asymptotical limit, |x| large, when 1 ≤ α < 2); and other, B2, for 
1 < α ≤ 2. As it concerns numerical applications, the most usually 
considered is B2 (see, e.g., [35]). Other approaches (relying on both 
special functions – as finite sums of hypergeometric functions – 
and expansions) [36–41] include expressions valid for particular 
cases of the distribution parameters, e.g., rational α’s.

In this contribution we propose a different approach to the 
problem. We deduce a unique (truncated) series expression for 
Lévy distributions valid for any 0 < α ≤ 2, yielding fairly good nu-
merical convergence. Also, our formula is easy to implement in any 
numerical coding platform. We concentrate on the important gen-
eral case of the symmetric (β = 0) Lévy α-stable distribution with 
0 < α ≤ 2.

This paper is organized as follows. In Section 2 we describe our 
method, which basically consists in splitting the full integration 
range into regular intervals (piecewise integration). In each interval 
(or window) we approximate the integrand by a proper expres-
sion allowing analytic integration. The final form for the symmetric 
Lévy α-stable distribution for any 0 < α ≤ 2 is hence a sum over 
all the (relevant) windows. Examples illustrating the good numer-
ical convergence are presented. Final remarks and conclusion are 
drawn in Section 3.

2. Method and results

We address the symmetric class of distributions, i.e., β = 0. 
In this case one can always perform for Eq. (1) the rescaling 
μ/σ → μ, x/σ → x, σ f → f , and the variable translation, x −
μ → x. Then, without loss of generality we likewise can set σ = 1
and μ = 0 in Eq. (1). From these considerations, f (x; α, 0, 0, 1) ≡
Pα(x) is readily written as a cosine Fourier transform (with 0 ≤
x < ∞ and assuming Pα(−x) = Pα(x))
Fig. 1. We divide the Fourier integral, Eq. (2), into non-overlapping windows for 
piecewise integration. The dashed lines indicate the edges of the windows.

Pα(x) = 1

π

∞∫
0

dt exp[−tα] cos[xt]. (2)

It is not difficult to show that Pα(x) is a monotonically decreasing 
function of x and that for x = 0, the above integral leads to the 
exact result (for �[·] the Gamma function)

Pα(0) = �[1/α]/(πα), (3)

with Pα(0) → ∞ for α → 0.
In trying to obtain an approximation expression for Pα(x), 

a first idea might be to expand the exponential in Eq. (2), so that 
terms of the form (t − t0)

m cos[xt] would be relatively straightfor-
ward to calculate. But then, the issue is to properly choose the 
number of series terms mmax = M and the expansion center t0, al-
lowing a reasonable good control of the numerical error regardless 
of the α and x considered. Certainly, a constant t0 for any x and α
would not be a convenient choice.

The hint to solve this problem is to subdivide the variable 
t full integration domain into intervals or ‘windows’. The first 
(interval 0) of length π/(2x) corresponds to the range 0 ≤ t <

π/(2x). The subsequent intervals, of length 2π/x each and la-
beled as In (for n = 1, 2, . . .), correspond to (π/2x)(4n − 3) ≤ t <

(π/2x)(4n + 1). We notice, in particular, that the cos[xt] function 
is odd about the center tn = (π/2x)(4n − 1) of the intervals In , 
furthermore vanishing at their extremes, see Fig. 1.

In this subdivision scheme is natural to treat the first interval 
separately from the others. Actually, as we are going to see below, 
Eq. (2) can be written as a sum of two convergent series, one solely 
for the interval 0 and the other for all the remaining In ’s. We shall 
leave to the end of this section, given x and α, a discussion about 
the numerical accuracy of the final (truncated) series for Pα(x) in 
terms of the number of terms used in the expansion.

We start by considering the first integration window, 0 ≤ t <

π/(2x), in Eq. (2). Let us define

gα(x) = 1

π

π
2x∫

0

dt exp[−tα] cos[xt], (4)

and make the substitution u = tα , to get

gα(x) = 1

απ

(
π
2x

)α∫
du exp[−u] cos[xu

1
α ] u

1
α −1. (5)
0
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Fig. 2. Plots of S K (x; α), Eq. (8), for K = 5 (continuous curves) and the numerical 
integration of gα(x) in Eq. (4) (symbols) for several values of α. The absolute error 
is less than 10−8.

From 
∫ ∞

0 du exp[−u] u 1
α −1 = �[1/α], one finds (cf., Eq. (3)) gα(x) ≤

Pα(0). Thus, for the converging integral in Eq. (5), we expand the 
cosine function in Taylor series around xu

1
α = 0, or

gα(x) = 1

απ

(
π
2x

)α∫
0

du exp[−u]
∞∑

k=0

(−1)k x2k

(2k)! u
2k+1

α −1. (6)

Finally, considering the lower incomplete gamma function

γ (s, y) =
y∫

0

du exp[−u] us−1 (7)

and defining

S K (x;α) = 1

απ

k=K∑
k=0

(−1)k x2k

(2k)! γ
[2k + 1

α
,
( π

2x

)α ]
, (8)

Eq. (6) yields the series gα(x) = S∞(x; α), giving the exact inte-
gral in the first window. The convergence of S∞(x; α), for any 
0 < α ≤ 2 and x ≥ 0, is guaranteed by the ratio criterion using the 
asymptotic expansion of γ (s, y) (for y fixed and s large, see, e.g., 
[42]). For example, the absolute error is typically of ∼ 10−8 when 
we consider only K = 5 in Eq. (8) for distinct α and x. Thus, Eq. (8)
combines good accuracy with low computational cost. Indeed, this 
nice agreement can be seen in Fig. 2, where we compare for sev-
eral values of α and x ∈ [0, 2] the truncated series results (solid 
lines) with a very precise numerical integration of Eq. (4) (sym-
bols).

We next turn to the integrals in the subsequent intervals In . 
From the substitution τ = xt into Eq. (2), but now with the inte-
gration limits In (n = 1, 2, . . .), we have

In(x;α) = 1

πx

π
2 (4n+1)∫

π
2 (4n−3)

dτ exp[−λτα] cos[τ ], (9)

with

λ = x−α. (10)
For any x ≥ 0 and 0 < α ≤ 2, In always converges and In+1(x; α)/

In(x; α) < 1 (but whose exact ratio value depends on α). Thus, 
for the well-behaved integrand of In , we can expand in Taylor 
series (truncated at the M-th order) the exponential function, 
namely, exp[−λτα] ≈ ∑m=M

m=0 cm(λ; τn) (τ − τn)m , where τn = x tn =
(π/2)(4n − 1) and cm(λ; τn) = (dm/dτm

n ) exp[−λτα
n ]/m! (see be-

low). Fig. 3 displays, for some values of x and α, the nice agree-
ment — within an absolute error of ∼ 10−3 — between this series 
(for M = 5) and the integrand of Eq. (9).

Then, by substituting this series expansion into Eq. (9), we ob-
tain

In(x;α) ≈ I(M)
n (x;α)

= 1

πx

m=M∑
m=1

cm(λ;τn)

π
2 (4n+1)∫

π
2 (4n−3)

dτ (τ − τn)
m cos[τ ]. (11)

Due to parity, the integral is non-null only for m odd. Also, we 
have the exact result (m odd)

π
2 (4n+1)∫

π
2 (4n−3)

dτ (τ − τn)
m cos[τ ]

= 2

π∫
0

dτ τm sin[τ ]

= 2π2+m

2 + m
1 F2

[
1 + m

2
3
2 ,2 + m

2
;−π2

4

]
, (12)

in which 1 F2

[
a

b, c
; z

]
denotes the hypergeometric function

[43–45], often used to represent more elementary functions [46,
47]. It is important to remark that the term 1 F2 above just leads 
to numerical values, not being dependent either on x or α.

From Eq. (12) into Eq. (11), we get the following (only in terms 
of odd values of m)

I(M)
n (x;α) = 1

πx

∑
m=1,3,5,...,M

cm(λ;τn)

(
2π2+m

2 + m

)

× 1 F2

[
1 + m

2
3
2 ,2 + m

2
;−π2

4

]
. (13)

We should emphasize that the exact form of the cm(λ; τn) terms 
can be easily obtained, for instance,

c1(λ;τ )exp[λτα] = −αλτα−1,

6 c3(λ;τ )exp[λτα] = −α3λ3τ 3α−3 + (3α − 3)α2λ2τ 2α−3

− α(α − 1)(α − 2)λτα−3,

120 c5(λ;τ )exp[λτα] = αλτα−5((24 + 50α(λτα − 1))

+ 35α2(1 + λτα(λτα − 3))

+ 10α3(−1 + λτα(7 + λτα(λτα − 6)))

+ α4(1 + λτα(−15

+ λτα(−5 + λτα)2)). (14)

Lastly, putting together all the previous calculations, Eqs. (8)
and (13), we can write the main result in this contribution in the 
form of the following truncated expansion for the symmetric Lévy 
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Fig. 3. Plots of the integrand of Eq. (2) and its corresponding 5th order series expansion (M = 5, see main text) in the second window of the integration variable t , for several 
values of α and x. In all these cases the absolute error is never greater than 10−3. The third, fourth, etc., windows show similar good agreement.
α-stable distribution,

Pα(x) ≈ S K (x;α) +
n=N∑
n=1

I(M)
n (x;α). (15)

Notice that the total number of terms in this expression is T =
K + 1 + N × (M + 1)/2.

To illustrate our findings, we plot Eq. (15) in Fig. 4, together 
with a high-precision numerical calculation (using a code devel-
oped for the software Mathematica®) of the integral for Pα(x)
in Eq. (2), for seven values of α (ranging from 0.1 to 1.9) and 
0 < x ≤ 6. Here it is in order to comment on the number of terms 
T necessary to have a certain numerical precision. For an absolute 
error of ∼ 10−3 in the case α > 0.1, it is sufficient to consider only 
K = 4 for the first window series in Eq. (8) and N = 4 windows in 
the subsequent intervals for all values of x considered, with M = 5
in the series expansion of each window, i.e., by just taking three 
terms for each of these windows, m = 1, 3, 5 in I(5)

n , Eq. (13). This 
gives a total of T = 17 terms in the expansion (15), hence with 
negligible computational time. In the case α � 0.1, we notice how-
ever that the convergence tends to be much slower, with a similar 
absolute error found by setting N = 105. However, since Eq. (15)
is a sum over relatively elementary terms, the computational time 
for such larger N ’s is not an issue.

Of course, the error in Eq. (15) can be reduced by increasing the 
number of windows. For example, a still extremely fast calculation 
when α > 0.1 is obtained if the number of windows is increased, 
say, to N = 50 (keeping K = 4 and M = 5), yielding T = 155 terms 
in the series. In this case, the absolute error is less than 10−5 for 
Fig. 4. Comparison for several values of α ∈ [0.4, 1.9] of the high-precision numer-
ical calculation of Eq. (2) (symbols) and the (truncated) series approximation given 
by Eq. (15) (continuous curves), where K = N = 4 and M = 5. Similarly good qual-
ity results for the same K , N , and M values are also obtained for α as low as 0.2
(graphs not shown). For α = 0.1, the plot is displayed for N = 105. The absolute 
error for all seven displayed values of α is less than 10−3 for any x.

all values of x considered, see Fig. 5. For α = 0.1, we had to set 
N = 2 × 105 (for K = 4 and M = 5) in order to achieve the same 
absolute error.
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Fig. 5. The same as in Fig. 4 but with N = 50 for α ∈ [0.4, 1.9]. For α = 0.1, we take 
N = 2 × 105. In the range considered for x, the absolute error is always less than 
10−5.

3. Remarks and conclusion

The interest in the literature on Lévy α-stable distributions, 
to a great extent, is due to their very close association with the 
GCLT, fundamental in a broad range of applications. Apart from 
the fact that very general exact formal expressions for the Lévy 
α-stable distributions do exist (as already mentioned, in terms of 
the involving Meijer-G and Fox-H functions or finite sums of hy-
pergeometric functions), the necessity of generating and analyzing 
‘practical’ data [39,41,50,48] motivates the constant development 
of more sophisticated and complex algorithms to numerically solve 
Eq. (1). In this context, some series representations have been 
proposed [32–34,36–41], although in some cases only a restricted 
range of the parameters (mainly the Lévy index α) is covered. Also, 
commonly the computational time is enhanced since the “study 
quantity” variable x is in the argument of the special functions 
used, such as Hypergeometric functions.

For β = 0, we have struck in a rather different direction to 
obtain an approximated expression for Eq. (2). The goal was to 
find a simple and relatively rapidly convergent series, amenable to 
straightforward numerical calculations. Our methodology consisted 
in dividing the full integration range into short windows. Then, for 
each window to perform appropriate series expansions, to carry 
out the integrals term by term, and to collect only the first few 
terms: those giving the most important contributions to the inte-
gral in that particular interval.

Each individual window term in our final result, Eq. (15), is easy 
to program and very fast to calculate. In particular, we emphasize 
that the Hypergeometric function in the formula for I(M)

n is just a 
shortcut for numerical constants, since its argument does not de-
pend on x or α, as seen in Eq. (13). In fact, all the mathematical 
dependence on the distribution parameter α and variable x in I(M)

n
is given by simple exponentials and powers expressions. Further-
more, the incomplete gamma function in S K (x; α) has well known 
numerical implementations in many different scientific software 
packages.

In conclusion, our final expression is a versatile and quick way 
to calculate arbitrary (i.e., for any α) symmetric Lévy α-stable dis-
tributions (although for α close to 0, the convergence becomes 
somewhat slower). As numerical illustrations we have shown vari-
ous examples in Figs. 4 and 5.

It is also important to mention that there are methods in the 
literature (e.g., [49,50]), which can obtain smaller errors than the 
present ones if we opt to keep the number of terms T relatively 
small. But these methods typically employ more complex algo-
rithms. We believe that one of the important features of our ap-
proach is to have a simple truncated series expansion for Pα(x), 
represented by Eq. (15).

Finally, we remark that for the non-symmetric β �= 0 case the 
expansions become more complicated. However, preliminary re-
sults show that we still can obtain analogous results following a 
similar procedure. This will be addressed in a future contribution.
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