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2 Departamento de F́ısica and National Institute of Science and Technology of Complex Systems,

Universidade Federal do Rio Grande do Norte - 59078-970, Natal-RN, Brazil
3 Departamento de F́ısica, Universidade do Estado de Santa Catarina - 89219-710, Joinville-SC, Brazil
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Abstract – Characterizing dynamical patterns in the (physical) state space of stochastic processes
can be a challenging task. From two visualization techniques, the observable-representation and
k-means clustering, a unified framework to identify such structures is developed. The only infor-
mation required is the system transition matrix R (a quantity that can be directly accessed from
experimental data). The approach is illustrated through the analysis of random searches for targets
distributed in patchy environments. The protocol —for R constructed from a typical tracked long
trajectory— is able to reveal the shape and locations of all the landscape patches. The method
constitutes a valuable new tool to study the underlying geometry of general stochastic processes.

Copyright c� EPLA, 2019

Introduction. – The characterization of stochastic
processes (SPs) crucially relies on how the states are orga-
nized and whether metastable phases are present. More-
over, depending on the number of available configurations
during the time evolution, the state space S of SPs can be
huge [1,2]. This latter fact poses a serious hurdle to the
study of real life stochastic dynamics [3]. In particular, in
this case the visualization of big state spaces (a common
tool in analyzing distinct global structures [4]) becomes a
difficult task [5].

This is even more critical when one has little or no idea
about the underlying mechanisms leading to the observa-
tional data, a common situation in arbitrary series analysis
(e.g., when one is trying to determine relations between
components involved in cluster formation [6]). In such
context, graph theory methods —such as spectral clus-
tering [7,8]— can be very useful. For instance, one may
associate (e.g., through the visibility graph protocol [9]) a
particular network structure to a given times series. Then,
by studying the properties of the network one can eluci-
date certain general features of the original data. In fact,

clustering approaches are convenient to investigate vari-
ous classes of systems, like neural webs [10], gene expres-
sion [11], and image segmentation [12], to mention just
a few. Moreover, it might also be useful to frame cer-
tain problems in terms of networks: optimized algorithms
have been designed to unravel connections between the
system parts (viewed as networks), even for very large sys-
tems [13]. Nevertheless, a serious drawback is that often
these procedures do not apply to SPs [14].

In more concrete terms, consider a SP whose transition
rules determine the stochastic dynamics (and for which
one knows —say, from appropriate measurements— the
transition matrix RS yielding the probabilities of moving
from one state to another in S)1. A fundamental query is
then the following: by ascribing a coordinate representa-
tion to S (e.g., spatial positions in the case of a diffusing

1In the course of the present work the operational advantage of
discussing a SP in terms of transition rules will become clear. But the
method also should work for SPs defined by differential equations.
In principle, one could properly discretize the differential equations
(in time steps τ) to rewrite them as transition rules at these τ ’s.
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random walker), how can one infer the existence of typ-
ical patterns in S without performing potentially expen-
sive simulations of the full evolution? In other words, is
it possible to get a glimpse of the system’s geometrical
properties only by inspecting RS?

In many contexts a positive answer comes from the ob-
servable representation (OR) protocol. Its main goal is
to identify the degree of correlations between the distinct
states of a SP. In other words, to unveil potential pat-
terns in the system state space (see below). Originally,
the OR was derived for Markovian problems [15,16]. Sub-
sequently, it has been shown that even for non-Markovian
processes, the method still works [14]. There are proce-
dures to map a SP not obeying detailed balance into an
equilibrium one, with the latter maintaining certain rele-
vant features of the former (see, e.g., [17,18] and the ref-
erences therein). Based on this kind of approach, the OR
can be extended for systems not observing detailed bal-
ance [19].

The OR has been applied to non-equilibrium phase tran-
sitions [20,21], spin glasses [22], lattice-like models [15],
and recognition of shapes in coordinate spaces [16]. How-
ever, a limitation of the OR method is that visualization
often requires a dimension higher than three, making it
difficult to identify patterns in the physical space of the
SP. This can be done [15,19,22], but extra information
about the particular system is essential.

In this contribution we develop a hybrid scheme, bring-
ing together the OR and clustering (specifically, k-means)
approaches. From such scheme, we are able to reconstruct
patterns in the physical space of the SP.

The method. – For Γ ≡ {γ1, γ2, . . . , γN} a discrete
and finite version of the original state space S (often the
result of coarse graining) of a SP, we define the N × N
matrix R ≡ RS→Γ by R(γ, γ′) ≡ Pr(γ ← γ′) in one time
step. Eigenvalues of R are ordered by decreasing magni-
tude (and some convention if there are phases as well). Its
m-th (m = 1, 2, . . . , N) left eigenvalue and eigenvector are
denoted by λm and Am = (Am(1), Am(2), . . . , Am(N)).
Since R is a stochastic matrix [23], the first eigenvalue is
λ1 = 1 with A1(n) = 1, ∀n. R’s m “slowest” left eigenvec-
tors (hereafter the observables)2 are those for which the
corresponding |λm| are closest to 1. Henceforth assuming
R to be irreducible and that there are no other magni-
tude 1 eigenvalues, we know that |λ2| < 1 and the first
right eigenvector B1 = (B1(1), B1(2), . . . , B1(N)), satis-
fies B1(n) > 0 and when normalized (to sum to 1) are the
weights (probabilities) in the stationary state.

2Left and right eigenvectors of stochastic matrices R can be very
different (although the eigenvalues are the same if R is symmetric).
The first (eigenvalue 1) right eigenvector is the stationary distribu-
tion, which in principle can vary considerably. For the same R, the
first left eigenvector is constant, all entries 1’s. For the OR, the left
eigenvectors are (in general) more relevant because they are constant
for a given SP phase, whereas the right eigenvalues can vary con-
siderably within one phase. Thus, different sets of left eigenvectors
allow to identify distinct phases in the state space of the SP.

Each observable contains information about all system
phases and their proper combination leads to a struc-
tured region in R’s “slow” eigenvector space. This mo-
tivates characterizing the OR [15,16] as an embedding of
Γ into R

D, represented by a collection of N points PD =
{P1, P2, . . . , PN} with Pn ≡ (A2(n), A3(n), . . . , AD+1(n)).
Hence, it yields a natural correspondence γn ↔ Pn. What
is relevant here is that from the OR, one can retrieve dy-
namical structures in Γ [14]. Indeed [16], states that are
dynamically close in the real process (e.g., those belong-
ing to the same phase) also appear close in the OR. So,
the different phases that a system experiences are recog-
nized as distinct sub-sets of PD, forming ordered cluster
of points in the OR effective space. In the particular case
of random walks (where phases may not be present) the
OR can mimic features of the spatial environment [15].

Nevertheless, when the set PD is of high dimension,
visualizing the extrema becomes a problem, especially if
one seeks a correspondence to the original configuration
space in which the SP takes place. A further possible
difficulty is in finding the best dimension D = D∗ for
{Pn} itself. As will be seen, these issues can be solved by
the k-means clustering method.

The k-means algorithm is essentially a partitioning of
N elements (or points) into k mutually exclusive clusters.
It establishes the cluster centers and determines how the
data points are distributed among the clusters by mini-
mizing the sum of the squared distances between all the
observations and the centers [24]. The goal is to have the
cluster centers as distant from each other as possible and
to assign each element to its nearest cluster. We further
mention the k-means sorting is easy to implement (e.g.,
in the numerical examples here we will use the kmeans

function available in MATLAB R�).

We illustrate our framework by simulating a 2d ran-
dom search [25]: a memoryless walker looking for patchy
distributed targets. From its path we determine R, essen-
tially the type of data one gets by GPS tracking an ani-
mal foraging in the wild [26]. For more than 3 patches the
OR has more than 3 extrema, hence requires more than 3
dimensions to see the patterns in 2-dimensional physical
space. It is at this point that we employ k-means clus-
tering to the observables, obtaining the actual structures
(finding the correct patch locations) in the underlying 2d
space.

In our problem (as in Nature) all one knows is the path
under the action of the SP, and the issue is to construct
a transition matrix consistent with that path. Given a
path γ(t) (t = 0, 1, 2, . . . , T ), a transition matrix can be
constructed as follows [27] (and which for large enough
time steps can be thought of as fairly describing a Marko-
vian SP, although recall that the OR can be defined for
non-Markovian processes as well [14,19]):

– Let Γ be the collection of all distinct points (or
states) {γ1, γ2, . . . , γN} visited by γ(t). In practice
we take T ≫ N ≫ 1. R will be an N × N matrix.
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– For all points along the path, whenever γn′ → γn′′ ,
add +1 to the matrix element R(γn′′ , γn′).

– At the end (t = T ), the final state is artificially con-
nected to the first (t = 0), making R irreducible
(see [27] for a discussion of this approximation).

– To obtain transition probabilities, normalize each col-
umn of the R matrix to unity.

From the OR, varying the number of observables D used
to construct PD, we look for geometric formations (clus-
ters around the extremals of R

D) in PD, usually spotted
as well-defined collections of points away from the origin.
For an optimal value, D = D∗, the number and shapes of
these clusters stabilize. Moreover, for D > D∗, the pre-
viously organized clusters become dispersed. In certain
situations [15], D∗ corresponds to the minimal embedding
dimension of a graph. But often it is given by the number
of near-unity λm’s which are close together in an easily
identified eigenvalue “bundle”, separated from the other
eigenvalues by a gap (as illustrated in figs. 1(b) and 2(b)).

Given k in the k-means, we have l = 1, 2, . . . , k, possible
clusters. Hence the protocol determines to which specific
cluster l a point Pn ∈ PD (n = 1, 2, . . . , N) belongs. This

results in a mapping �I of indices n → l. We then apply
this mapping to n = 1, 2, . . . , N of the states γn ∈ Γ, iden-
tifying k distinct subsets of γn’s. Each subset of states
constitutes a different dynamical pattern in the space un-
derlying the SP.

Generally there is only one k value (designated k∗) lead-
ing to the correct number of state structures in the SP
space. A scan of k to get k∗ is time consuming. A more
direct procedure is to look at the points of greatest weight
—as defined by the probability distribution, B1— and find
clusters using the metric of the OR. Indeed, from P3 we
make a plot of a 3-dimensional OR, but graphing each
point Pn ∈ P3 with a size proportional to the correspond-
ing weight B1(n). In a such chart (cf. figs. 1(c) and 2(c)
in the examples), we readily recognize C distinct clusters
composed of collections of larger dots, so that k∗ = C + 1
(with “+1” accounting for those states that do not belong
to any particular pattern in the SP space).

An example: random searches. – We illustrate the
previous ideas by addressing an explicit SP [26], random
searches in patchy landscapes. Here, the spectrum is dif-
ferent from that of the random walks studied in [16] since
now there is a significant eigenvalue gap. We consider a
walk in which any step j has: i) length ℓj drawn from the
probability density function p(ℓ) = c ℓ−µ if rv < ℓj < M
and zero otherwise (rv and M are fixed given distances
and c a normalization constant); and ii) a turning angle
θj chosen from a uniform distribution on [0, 2π]. These
choice rules constitute an approximate Markov process
(see “Remarks and conclusion” section for details) since
all steps are independent. The walker searches for targets
distributed in an M ×M square with periodic boundary

conditions. For each step j, the searcher constantly looks
for targets within a distance rv along the way. If a target
is found during the step, it is truncated at the target posi-
tion. If not, the step goes the full length ℓj. In both cases,
the next step, j + 1, starts from the step j end position.
The search is finished when a total of Q targets are found.

The targets are non-destructible, i.e., they can be re-
visited an unlimited number of times [26]. However, to
avoid trapping, on the first step following the finding of a
target the searcher does not respond to that target (this
is a weak non-Markovian component in the model). The
targets are uniformly distributed inside p circular patches
of radius R. The average distance between neighboring
targets in these regions is lt = α rv. The searcher follows
a close to ballistic strategy, characterized by μ = 1.1 in
p(ℓ). It has been shown [28] that this strategy is an ef-
ficient habitat inspection protocol in a patchy landscape.
The parameter values used here are typical [28], given by
M = 104, R = 103, rv = 1 and α = 10.

For this SP, “states” are environment locations in-
spected by the walker. Since all sites need to be visited in
order to recover the entire state space, long searches have
been performed. Thus, to ensure good sampling we have
set Q = 1.5 × 105. Nonetheless, the level of detail built
into the search is greater than is needed for the patch lo-
cation analysis. Also, that level would create a practically
intractable SP. The detailed positions are given in terms of
M/rv (= 104) in both dimensions of the square. Keeping
all this data for the above parameters values would require
1016 matrix elements for R. We then coarse grain, assum-
ing regions of 200 units on a side. This yields a 50 × 50
grid, and a large but manageable SP matrix R. This sort
of coarse graining is common in treating real data, in par-
ticular those associated with animal tracking in movement
ecology [29].

Before getting to details it is worth summarizing the
general procedure as applied in the present example. All
one has is a path (here simulated from the model, but
in an actual situation obtained from experiments). The
objective is to find where the targets are located (in our
case corresponding to the patch-interiors). From the path
we deduce the stochastic matrix (as previously explained).
From that matrix we get clusters, near the extrema of the
convex set defined by the OR. But there are more clus-
ters than there are dimensions of the spaced searched by
the forager. We then use k-means to project the D di-
mensional space of the OR onto to the 2-dimensional (in
this case) space of the forager. As we now show, we are
able in this way to identify the correct patchy structure
in the underlying SP space. The two unknowns, the num-
ber of significant observables D∗ and the number of clus-
ters in the 2-dimensional space k∗, are deduced from the
data.

In fig. 1(a) we show an environment with p = 3. Gen-
erating a path Γ in a simulation, the eigenvalues of the
derived R, from λ2 to λ6, are displayed in fig. 1(b). We
see that λ2 and λ3 are grouped together, far from the other
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Fig. 1: (a) Environment with 3 patches, p = 3. (b) The R eigenvalues from λ2 to λ6, showing the gap between λ3 and λ4.
From this one deduces that D∗ = 2. (c) The set P3 represented by dots of relative sizes given by the B1(n)’s. There are clearly
three clusters (C = 3), so that k∗ = 4. (d) The result of the k-means algorithm in the real (search) space using D = D∗ = 2
and k = k∗ = 4. This leads to the structures of (a) indicated as dashed circles (the scales of (a) and (d) differ due to coarse
graining). (e)–(h) The same as in (d), but for (e) D = 1 and k∗; (f) D = 3 and k∗; (g) D∗ and k = 2; (h) D∗ and k = 6. In
these cases (and others, like D∗ and k = k∗

± 1) the landscape in (a) is not exactly reproduced (for instance, in (e) the leftmost
patch is smaller and distorted compared to the corresponding one in (a)).
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Fig. 2: The same as in fig. 1, but for (a) an environment with p = 5. (b) The gap in R’s eigenvalues comes after λ5 so that
D∗ = 4. (c) The weighted plot of the 3-dimensional OR shows 5 extrema, so that C = 5 and k∗ = 6. (d) Using D∗ and k∗, the
k-means results in a quite good reproduction of the search space in (a) indicated as dashed circles. (e)–(h) The same as in (d),
but for (e) D = 3 and k∗; (f) D = 6 and k∗; (g) D∗ and k = 3; (h) D∗ and k = 8. In these cases and many others, e.g., D∗ and
k = k∗

± 1, one cannot regain the landscape (a).

λ’s. This indicates that D∗ = 2. In fig. 1(c) we represent
the points of P3 by dots of sizes given by the B1(n)’s.
As previously explained, we can recognize three regions,
C = 3, hence k∗ = 4. Finally, to reveal the structures in
real space we invoke k-means (as described above) assum-
ing D∗ and k∗. The result is depicted in fig. 1(d), repro-
ducing very well the original spatial patterns of fig. 1(a).
By not using k∗ or D∗ in the k-means, the exact landscape
is not fully recovered as illustrated in fig. 1(e)–(h) (but see
below).

The same procedure is followed for the environment of
fig. 2(a), with p = 5. Now λ2, λ3, λ4, λ5 form a bunched
group of eigenvalues, fig. 2(b), therefore D∗ = 4. From
the plot of the resulting “weighted” P3 set in fig. 2(c) we
find C = 5 and so k∗ = 6. Thus, the k-means algorithm

with D∗ = 4 and k∗ = 6, fig. 2(d), is in full agreement
with the landscape of fig. 2(a). But if we do not use both
D∗ and k∗, fig. 2(e)–(h), we cannot reproduce the original
distribution of targets of fig. 2(a).

Remarks and conclusion. – We have combined two
visualization approaches —the observable representation
and k-means clustering— to address the problem [30] of
identifying structures in SPs. The only quantity required
is the transition matrix R, usually the simplest (and of-
ten the unique) information gathered from direct measure-
ments of a SP that might not be fully expressed [29,31].
The necessity of both methods is justified because the
OR can reveal such structures, but frequently as high-
dimensional clusters in an abstract space. For such a
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situation, k-means recovers these regions in the actual
physical space.

As an example we have considered a random search in
a patchy landscape. The patches attract more visits of
the searcher, hence the transition probability for entering
a patch is high. Our framework has successfully captured
this fundamental dynamical feature, distinguishing the re-
gions of targets from the empty space. Indeed, as can be
seen in figs. 1(d) and 2(d) for D∗ and k∗, both locations
and geometrical shapes of the patches were successfully re-
constructed solely from R. But it might be the case that
for some particular instances, one does not need to have
exactly D∗ and k∗ to reasonably recover the SP pattern
structures (e.g., fig. 1(f)). In fact, some extra information
(say, to know in advance that p = 3) would already help
to choose between fig. 1(f) and (g). However, this is fortu-
itous (not occurring for the p = 5 example) and it is more
effective to use D∗ and k∗.

To explain the full approach we have first discussed the
OR and how to determine D∗ and k∗, then implemented
k-means. However, an integrated numerical code could at
once search for D∗ and k∗ and display directly the final
structures in the real space. For instance, the number of
patterns in the OR space (necessary to determine k∗) does
not need to be visually inspected. There are powerful al-
gorithms to identify the amount of organization and clus-
ter formation of spatial motifs (like Hoshen-Kopelman [32]
and also [33]). The use of such procedures would lead to a
fully automated protocol for the problem (as will be dis-
cussed in a future publication).

We lastly shall make some few technical comments. Re-
garding the path sampling γ(t) (basically our time series),
used to generate the matrix R, one relevant question is
how to distinguish between temporal (say, determined by
τ) and spatial (say, by τS) correlations in it (e.g., in the
foraging case induced by the searcher interactions with the
environment). The key answer is the proper spatial and
temporal discretization (i.e., the coarse-graining) proce-
dure. Indeed, the choice of a correct step size Δt —based
on τ and τS— for the successive events in γ might allow
one to identify and separate distinct correlations. Cer-
tainly, there is the very important practical problem of
finding these scales. They might be determined either
from extra information about the system dynamics (in the
foraging context, see [34–36]) or in the worst scenario, in-
ferred through a trial and error process.

Since here we are introducing a novel combined proto-
col to determine dynamical structures in the state space
of SP, we have considered as an illustration a simple (but
general) foraging model. The idea was to have the system
features as straightforward as possible, so that the method
rather than the model is the main focus. But certainly, a
next step would be to apply the approach to more general
situations. For example, in the foraging context it could be
searching for destructive and regenerative targets [25,26],
saltatory behavior [37], and strong non-stationary in-
stances [38,39] (e.g., characterizing non-Markovian SP).

Amazingly, in all these mentioned cases the Lévy random
walk framework well describes the searching dynamics.
Therefore, in principle the present procedure should be
directly applicable to all these SP. This will the subject of
a forthcoming contribution.

Concluding, one can envisage applications of this
method to systems involving distinct degrees of stochas-
ticity, and for which knowledge of the geometry of the
state space is essential [1,2,6,30]. This is the case in many
real life processes [3], like the movement analysis of free-
ranging animals tracked using GPS devices [26,29].
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