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statistics of this sharing process. We expect that in the thermodynamic limit the final result
in either case would be the same. Once Pr is determined, the rest follows without difficulty.

3.1 Equilibrium between a system and a heat
reservoir

We consider the given system A, immersed in a very large heat reservoir A�; see Figure 3.1.
On attaining a state of mutual equilibrium, the system and the reservoir would have a
common temperature, say T. Their energies, however, would be variable and, in principle,
could have, at any time t, values lying anywhere between 0 and E(0), where E(0) denotes
the energy of the composite system A(0)(≡ A + A�). If, at any particular instant of time, the
system A happens to be in a state characterized by the energy value Er , then the reservoir
would have an energy E�

r , such that

Er + E�
r = E(0) = const. (1)

Of course, since the reservoir is supposed to be much larger than the given system, any
practical value of Er would be a very small fraction of E(0); therefore, for all practical
purposes,

Er

E(0)
=

�
1 − E�

r

E(0)

�
� 1. (2)

With the state of the system A having been specified, the reservoir A� can still be in any
one of a large number of states compatible with the energy value E�

r . Let the number of
these states be denoted by ��(E�

r). The prime on the symbol � emphasizes the fact that
its functional form will depend on the nature of the reservoir; of course, the details of
this dependence are not going to be of any particular relevance to our final results. Now,
the larger the number of states available to the reservoir, the larger the probability of the
reservoir assuming that particular energy value E�

r (and, hence, of the system A assum-
ing the corresponding energy value Er). Moreover, since the various possible states (with
a given energy value) are equally likely to occur, the relevant probability would be directly
proportional to this number; thus,

Pr ∝ ��(E�
r) ≡ ��(E(0) − Er). (3)

A9

(Er9;T )
A

(Er ;T )

FIGURE 3.1 A given system A immersed in a heat reservoir A�; in equilibrium, the two have a common
temperature T .
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In view of (2), we may carry out an expansion of (3) around the value E�
r = E(0), that is,

around Er = 0. However, for reasons of convergence, it is essential to effect the expansion
of its logarithm instead:

ln��(E�
r) = ln��(E(0)) +

�
∂ ln��

∂E�

�

E�=E(0)

(E�
r − E(0)) + ·· ·

� const −β �Er , (4)

where use has been made of formula (1.2.3), whereby

�
∂ ln�

∂E

�

N ,V
≡ β; (5)

note that, in equilibrium, β � = β = 1/kT . From (3) and (4), we obtain the desired result:

Pr ∝ exp(−βEr). (6)

Normalizing (6), we get

Pr = exp(−βEr)�
r

exp(−βEr)
, (7)

where the summation in the denominator goes over all states accessible to the system A.
We note that our final result (7) bears no relation whatsoever to the physical nature of the
reservoir A�.

We now examine the same problem from the ensemble point of view.

3.2 A system in the canonical ensemble
We consider an ensemble of N identical systems (which may be labelled as 1,2, . . . ,N ),
sharing a total energy E ; let Er(r = 0,1,2, . . .) denote the energy eigenvalues of the systems.
If nr denotes the number of systems which, at any time t, have the energy value Er , then
the set of numbers {nr} must satisfy the obvious conditions

�

r

nr = N

�

r

nrEr = E = N U ,





(1)

where U(= E/N ) denotes the average energy per system in the ensemble. Any set {nr}
that satisfies the restrictive conditions (1) represents a possible mode of distribution of the
total energy E among the N members of the ensemble. Furthermore, any such mode can
be realized in a number of ways, for we may effect a reshuffle among those members of
the ensemble for which the energy values are different and thereby obtain a state of the


