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4 Departamento de Matemática, Universidade Federal de Pernambuco,
50670-901, Recife-PE, Brazil

5 Vrije Universiteit Amsterdam, Amsterdam Neuroscience, 1081 HZ,
Amsterdam, The Netherlands
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Abstract. The statistical description of a one-dimensional superdiffusive Lévy
flier restricted to a finite domain is well known to be technically involving. For
example, in this type of process the probability distribution P (x, t) and survival
probability S(t) cannot be obtained from the method of images. Other methods,
such as the fractional derivative approach, also find technical difficulties due to
the long jumps combined with the presence of absorbing boundaries. Here we
revisit this problem through a different point of view. We map the correspond-
ing master equation to a Schrödinger-like equation and then describe the Lévy
flier evolution in a Fock space. The system states are assigned to the available
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positions in the discrete space. The Hamiltonian-like matrix is calculated for
any Lévy index α ∈ (0, 2]. For the system sizes studied here the computation
of its eigenvalues and eigenvectors are performed using a symbolic computing
software. This method allows to build the time evolution operator, the distribu-
tion P (x, t) and the survival probability S(t). We compare our results for P (x, t)
with direct Monte Carlo simulations and find a good agreement for all α ∈ (0, 2].
Similarly, our results for S(t) nicely agree with the numerical simulations for any
time t, including the short-term behavior. In the long-term asymptotic limit we
identify the crossover between the power-law and exponential behaviors, which
emerge respectively when only one or both boundaries are reached by the Lévy
flier. Comparisons with some exact expressions for Lévy flights in the continuous
space limit also display good agreement. We conclude our analysis by discussing
the possibility of extending the present framework to general bounded random
walks and flights.

Keywords: stochastic particle dynamics, random searches, Lévy distribution,
Fock space
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1. Introduction

Lévy flights and walks have been successfully applied to model a wide variety of phe-
nomena displaying anomalous (superdiffusive) diffusion in many fields [1–15], including
particle kinetics [16, 17], distributions of output intensities in random lasers [18, 19],
and random searches in animal foraging [20–23], to name a few.

Though similar in some aspects, Lévy flights and walks differ in a number of impor-
tant features. Both present step lengths drawn from the family of Lévy α-stable distribu-
tions [9], with the Lévy index in the range α ∈ (0, 2] (the limit case α = 2 corresponds
to the Gaussian distribution). However, while Lévy flights are Markovian processes
with jump duration (generally instantaneous) independent of the length, steps in Lévy
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walks are taken with finite (generally constant) speed, thus generating spatiotemporal
correlations and leading to non-Markovian temporal evolution.

Of particular relevance is the case when the Lévy process is constrained to a one-
dimensional finite domain (see, e.g., [10, 11, 14, 20, 21]). In this context the presence of
boundaries (either absorbing or reflecting) hinders considerably the calculation of the
probability density function P (x, t) to find the Lévy flier or walker at position x in time
t, from which all quantities of interest can be determined (e.g., rms distance, survival
probability, mean first passage time, etc).

Lévy flights have been most generally studied under the framework of fractional dif-
ferential equations (FDEs) and related approaches [10–16, 24–39]. In the presence of
boundaries, the nonlocal character of the fractional spatial derivative of order α intro-
duces a number of technical difficulties and subtleties. For instance, the non-negligible
probability of long jumps, whose extension could in principle overcome the boundary
sites [40], leads to the failure [41] of the method of images to determine P (x, t) for
0 < α < 2. In particular, in the case of a single boundary this method yielded [41] a
survival probability S(t) with long-term behavior dependent on the Lévy index α, at
variance with the α-independent result S(t) ∼ t−1/2 of the Sparre-Andersen theorem in
the semi-infinite space [42, 43]. In contrast, we remark that the method of images has
been successfully employed in the diffusive (Brownian) limit with α = 2 [10, 11, 44].
Moreover, the use of the Wiener–Hopf technique [41, 44] and the method of finite dif-
ferences applied to the FDEs are also hampered due to the bounded domain [45, 46].
We further mention the discretization of the Riesz fractional differential operator [28,
30, 33, 34], which provided the correct asymptotic behavior of the survival probability,
S(t) ∼ t−1/2, for all α. In this case, however, the calculation of the eigenfunctions in
the expansion of P (x, t) has faced [28, 33–35] difficulties in the superdiffusive range of
interest, 0 < α < 2.

More recently, two of us have applied [47] the Wiener–Hopf decomposition to the
master equation of a Lévy flier between two absorbing boundaries. This approach has led
to an interesting dynamical crossover of the long-term asymptotic survival probability
from the power-law behavior, when only one boundary site is accessed, to the exponential
time decay, when absorption takes place in both extremes. Nevertheless, in this case the
calculation of P (x, t) for the Lévy flier in any t was not possible as well, with higher
difficulties found in the short-term regime.

In this work we approach the problem of a Lévy random flier in a one-
dimensional bounded domain through an exact representation of its master equation
as a Schrödinger-like equation analyzed in Fock space. This formalism was first pro-
posed in [48, 49] in the context of classical diffusion-controlled reactions in liquid media
and chemical reaction processes, and was later extended to treat other systems [50–53]
(e.g., general stochastic reaction-diffusion processes and spins chains [54, 55], nonequi-
librium interacting particles trapped at absorbing states [56–59], birth–death processes
on a lattice [60], and gene expression [61]). More recently, one of us has also applied
this method to study [62] the kinetics of more complex chemical reactions including
arbitrary substrates and enzymes.

In this formalism P (x, t) plays a role similar to that of the wave function in quantum
mechanics. The classical Hamiltonian-like matrix is written on a basis of discrete Fock
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states representing the occupation number of every available site in the discretized finite
domain, being suitably built from the matrix of jump probabilities of the Lévy flier. Here
we calculate the Hamiltonian matrix for any Lévy index α ∈ (0, 2]. In order to obtain
P (x, t) for the system sizes studied here, the eingevalues and eigenvectors of the Hamil-
tonian matrix (∼104 elements) are determined using a symbolic computing software.
The distribution P (x, t) is then computed in the form of a matrix product involving the
matrix representation of the system’s time evolution operator and its vector state at dif-
ferent times. Our results agree nicely with direct Monte Carlo simulations of a bounded
particle with jump lengths drawn from a Lévy distribution in the superdiffusive range
0 < α < 2, averaged over a large number of runs. Good agreement is also found with
results from the method of images in the diffusive limit (α = 2) [10, 11]. Moreover, from
P (x, t) we also calculate the survival probability S(t) for any time t. Both power-law
and exponential long-term behaviors of S(t) are obtained, and agree with the numerical
simulations. In particular, the exponential decay rate of S(t) nicely agrees with results
from discretized Riesz fractional differential operator [28] and Wiener–Hopf [47] approx-
imate techniques, which, in contrast, cannot provide the short-term behavior of S(t).
Comparisons with some exact expressions for Lévy flights in the continuous space limit
also display good agreement.

This article is organized as follows. In section 2 we review the formalism of the Fock
space approach applied to random particles. Results and discussions on the problem of
the Lévy flier in a finite domain are presented in section 3, with concluding remarks
left for section 4. Two appendices are also included to describe the construction of the
Hamiltonian-like matrix of particles diffusing in a bounded domain and to provide an
illustrative example of the matrix calculations in a simpler small system.

2. Fock space formalism for bounded random particles

We start by defining a one-dimensional finite domain, 0 � x � L, with absorbing sites at
the boundaries x = 0 and x = L. Thus, when a random particle reaches x = 0 or x = L
it gets absorbed and its dynamics ceases.

Consider initially the case of many identical random fliers in this interval. If they
are allowed to step only at discrete positions xj = jΔx, with j = 0, 1, . . . ,N(= L/Δx),
and no restriction exists for the simultaneous occupation of a site, then the state of the
system at a given time t can be represented by the set {nj} of occupation numbers of
particles at each available site, with nj = 0, 1, 2, . . . ,Np, and Np =

∑
j nj as the total

number of particles. In a notation similar to that of discrete Fock states in a quantum
mechanical description of a system in Fock space, the state of the system of classical
random particles in a discretized space can be denoted by |n0,n1, . . . ,nj, . . . ,nN 〉.

In the present case of interest with a single particle, one has only nj = 0, 1, and
the states assume a simpler form {|j〉} = {|0, 0, . . . , 0,nj = 1, 0, . . .0, 0〉}. By denoting
P (xj , t)Δx ≡ P (j, t)Δx as the probability to find the particle at position xj = jΔx in
time t, or equivalently the probability that the system occupies the state |j〉 in t, then
its statistical description at this time can be expressed by the superposition state (with
Δx ≡ 1)
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|ψ(t)〉 =
∑
j

P (j, t)|j〉. (1)

On the other hand, the master equation of a random particle in a one-dimensional
discrete bounded space reads [44]

∂P (x, t)

∂t
=

∑
x′

[T (x, x′)P (x′, t)− T (x′, x)P (x, t)] . (2)

where x and x′ are defined in the finite interval and T (x, x′) denotes the transition
rate for the flier to perform a jump from position x′ to x with length |x− x′|. Now, by
combining the Fock space construction defined above with equation (2), the latter can
be exactly represented [48–52] in the form of a real-valued Schrödinger-like equation,

∂

∂t
|ψ(t)〉 = −H({a†j, aj})|ψ(t)〉, (3)

in which the raising and lowering operators, respectively {a†j} and {aj}, promote the
creation and destruction of a random particle at position xj. Their algebra is defined
[48–52] in terms of the generic state |k〉 comprising many particles as

a†j|k〉 = |n0,n1, . . . ,nk, . . . ,nj + 1, . . . ,nN〉,
aj|k〉 = nj|n0,n1, . . . ,nk, . . . ,nj − 1, . . . ,nN〉,

(4)

with commutation relation [aj, a
†
k] = δjk, where δjk is the Kronecker delta. As mentioned,

here we are interested in the single particle case. We note in passing that the action of
a†j and aj in the context of stochastic processes with classical particles differ from that

of their quantum mechanical analogues [63], which involves factors
√
nj + 1 and

√
nj,

respectively. This is so to accommodate [48–52] the fact that the classical transition
rates are proportional to the number of particles. Indeed, by applying the annihilation
operator aj to a state |n0, . . . ,nj, . . . ,nN〉 describing classical random flier particles at
lattice positions (0, . . . , j, . . . ,N), one has nj ways to destroy one of the particles at
position j, and so the nj prefactor arises in the second line of equation (4) [64]. Con-

versely, by applying the creation operator a†j to the same state, there is only one way to
add an extra particle at position j, and then the first line of equation (4) follows. The
precise connection between the rhs of equation (2) and the Hamiltonian-like operator
H in equation (3) needs to be established case by case in order to properly reflect the
transition rates T (x, x′). In the next section we shall relate T (x, x′) to the matrix P jk of
probabilities of jumping from site j to site k. In appendix A we illustrate the calculation
of H for random particles diffusing in a bounded domain.

Once the Hamiltonian H is available on the basis of Fock states, a time evolu-
tion operator can be defined, U(0, t) = exp[−tH({a†j, aj})], so that the dynamics of the
system from equation (3) implies

|ψ(t)〉 = U(0, t)|ψ(0)〉, (5)
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where |ψ(0)〉 denotes its initial state, i.e., |ψ(0)〉 = |j0〉 if the flier departs from the
position x0 = j0Δx. We thus find that

P (j, t) = 〈j|ψ(t)〉 = 〈j|U(0, t)|ψ(0)〉. (6)

Also, the time-dependence of the nth moment of the distribution P (j, t) can be obtained
from

〈jn〉(t) =
N∑
j=0

jn P (j, t). (7)

In order to proceed with the calculations, it is convenient to express the Hamiltonian
H in a Jordan normal form J = Q−1HQ, so that H = QJQ−1, where the matrices J and
Q are built from the eigenvalues and eigenvectors of H [65]. In this representation the
time evolution operator can be written in matrix form as

U(0, t) = exp(−tH) =
∞∑

m=0

(−t)m

m!

(
QJ Q−1

)m
= Q exp(−tJ)Q−1, (8)

where Q−1 denotes the inverse of the matrix Q.
In summary, we can essentially assign the Fock space approach with the three

following steps:

(a) Calculating the matrix Pjk of probabilities of jumping from site j to site k (see
next section and appendix B).

(b) Writing the Hamiltonian matrix H.

(c) Performing the Jordan decomposition to obtain the time evolution operator U .

Once the time evolution operator U is known, one can conceivably calculate any
relevant quantity of the system.

3. The Lévy flier on a bounded domain

We now turn to the case of a Lévy flier in a finite domain with absorbing boundaries.
Its steps lengths � are taken from the family of Lévy α-stable distributions given by the
Fourier transform [9]

pα(�) =
1

2π

∫ ∞

−∞
dk e−b|k|α[1−β sgn(k)Φ(k)]−ik(�−μ), (9)

where α ∈ (0, 2] is the Lévy index, β ∈ [−1, 1] is the skewness parameter, b > 0 is a scale
factor, μ is a location parameter, sgn is the sign function, and Φ = tan(πα/2) if α 
= 1
and Φ(k) = (−2/π) log |k| if α = 1. Here we consider only symmetric distributions of step
lengths centered at � = 0, so that β = 0 and μ = 0 in equation (9). This means that we
assign jump lengths to the right or to the left with equal probabilities, pα(|�|) = pα(−|�|).

Although Lévy distributions can be cast [9–11] in terms of Fox-H functions, whose
calculation relies on complex integrals of the Mellin–Barnes type, they generally lack
closed-form expressions based on elementary functions [66–68]. In this sense, the
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Cauchy (α = 1) and the limit case of Gaussian (α = 2) distributions constitute notable
exceptions when β = 0. This fact contributes to enhance the difficulty to find analytical
expressions for P (x, t) of the Lévy flier on a bounded interval. Moreover, due to the
non-negligible probability of long jumps for 0 < α < 2, the Lévy flier can eventually
take a step that would lead it over one of the boundaries, effectively resulting in the
absorption by the corresponding extreme site. In such a case, the method of images
breaks down [41] to solve the associated FDE for P (x, t) in the superdiffusive regime
0 < α < 2. In contrast, this method is successful when applied to the diffusion equation
of a bounded Brownian walker (α = 2 limit) [10, 11]. In this context, the Fock space
formalism may arise as a potential alternative to compute P (x, t) for the bounded Lévy
flier in the superdiffusive range 0 < α < 2, as discussed below.

By following the procedure described in appendix A, the Hamiltonian-like opera-
tor for the bounded Lévy flier with discrete positions j(= 0, 1, . . . ,N) and absorbing
boundaries at j = 0 and j = N reads

H = −
N∑
j=0

N−1∑
k=1
k 
=j

Pkj (a
†
jak − a†kak), (10)

where Pkj is the probability of jumping from site j to k, with a role similar to that of
the transition rates in equation (2). The probabilities Pkj are calculated from

Pkj =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0, k = j ;∫ |k−j|Δx

(|k−j|−1)Δx

pα(�)d�, 1 � k, j � N − 1 ;

∫ ∞

(j−1)Δx

pα(�)d�, 1 � j � N − 1, k = 0 ;

∫ ∞

(N−j−1)Δx

pα(�)d�, 1 � j � N − 1, k = N.

(11)

The third and fourth lines in equation (11) refer, respectively, to jumps starting at site
j whose length is equal to or larger than the respective distances to the left and right
boundaries. These flights are thus absorbed by the sites at k = 0 and k = N , respectively.
We should also notice that, since we are working with symmetric Lévy distributions,
then pα(|�|) = pα(−|�|) and the integral in the third line above, which is in principle
taken over a negative argument, from −∞ to −(j − 1)Δx, is in fact equivalent to the
corresponding integral calculated over the positive range, from (j − 1)Δx to ∞. The
integrals in equation (11) can be expressed for any α ∈ (0, 2] in terms of the following
integral,

Iα(a) =
1

π

∫ ∞

0

sin(ka)

k
e−kαdk, (12)

with a > 0. We note in the symmetric case with absorbing boundary conditions that
Pkj = P jk, with Pkj = 0 if j = 0 and j = N , since the flier cannot leave an extreme
site when absorbed. For all other j 
= 0,N , one has

∑
k P kj = 1 to give the correct
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normalization. (Under reflecting boundary conditions, one might have Pkj 
= 0 even for
j = 0 and j = N).

The matrix elements of H with absorbing boundaries can be obtained for any Lévy
index α ∈ (0, 2] on the basis of Fock states from equations (4) and (10)–(12), yielding

〈m|H|n〉 = −
N∑
j=0

N−1∑
k=1
k 
=j

Pkj (δknδmj − δknδmk) , (13)

withm,n = 0, 1, . . . ,N , which implies 〈m|H|n〉 = −Pmn ifm 
= n and 〈m|H|m〉 = 1, but
with 〈m|H|n〉 = 0 if n = 0 or n = N due to the absorbing condition at the boundary sites
j = 0 and j = N . For large N the eigenvalues and eigenvectors of H are obtained with a
symbolic computing software (Mathematica). Next, the matrices J and Q in the Jordan
decomposition are built and the time evolution operator U(0, t), equation (8), is deter-
mined, along with the state of the system |ψ(t)〉 and P (j, t), respectively equations (5)
and (6), at any given time t. This allows the calculation of all other relevant quantities
in any t. (See appendix B for an illustrative example of calculation of these matrices in
a small system with N = 5).

We comment that all results in this work were obtained in a notebook with Intel Core
i7 processor. The Mathematica code runs efficiently in a time that depends basically on
the domain length L and the value of α. For example, for α = 1 and L = 100 it runs in
less than 10 s. For α = 3/2 and L = 100, it takes about 6 min. (For comparison, direct
Monte Carlo numerical simulations with the same parameters and averages over 5× 104

walk runs take around 3 min to finish when α = 1 and nearly 19 min when α = 3/2).
We begin the analysis by the α = 2 Gaussian limit of the Lévy distribution (bounded

Brownian flier), with β = μ = 0 and b = 1/2 in equation (9), so that it displays unit
variance, σ2 = 2b = 1 [9]. In this case equation (12) yields

Iα=2(a) =
erf(a/2)

2
, (14)

where erf denotes the error function. If, e.g., m 
= n, with m 
= 0, n 
= 0, m 
= N and
n 
= N , the elements of the Hamiltonian-like matrix read

〈m|H|n〉 = 1

2
[erf((|m− n| − 1)/2)− erf(|m− n|/2)] . (15)

The other matrix elements are calculated from the first, third and fourth lines of
equation (11) combined with equations (13) and (14).

Figure 1 shows P (j, t) as a function of the position j in a domain of length N = 100,
with the starting point at the middle of the interval, j0 = N/2. Results using the Fock
space approach are depicted in circles for times t = 5 (black), 15 (blue), and 100 (red).
The curves are symmetrical with respect to the center of the interval, as expected. In
all cases we observe a nice agreement with the solid lines representing the exact solution
from the method of images [10, 11], which, as mentioned, holds in the α = 2 diffusive
regime:
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Figure 1. P (j, t) for α = 2 (Gaussian limit; Brownian flier) as a function of the
position j in a finite domain of lengthN = 100, with the starting point at the middle
of the interval, j0 = N/2. Results using the Fock space approach are depicted in
circles for times t = 5 (black), 15 (blue), and 100 (red). Fine agreement is observed
with the exact solution, equation (16), from the method of images for α = 2 (solid
lines).

P (j, t) =

∞∑
n=−∞

[P0(|j − j0|+ 2Nn, t)− P0(j + j0 + 2Nn, t)] , (16)

where the Gaussian function

P0(j, t) =
1√

2πσ2t
e−j2/(2σ2t) (17)

is the solution of the Brownian diffusion equation in the one-dimensional unbounded
space (i.e., without absorbing boundary sites). In addition, since in the α = 2 Gaussian
limit the probability of long jumps is rather low, we mention that the boundary sites at
j = 0 and j = 100 start to be reached only after t� 200 (see also below the plot of the
survival probability with α = 2 and j0 = N/2 for a discussion concerning larger values
of t).

We now consider a bounded Lévy flier in the superdiffusive range, with 0 < α < 2. In
this regime with α 
= 2, due to the failure of the method of images and further difficulties
related to other analytical techniques, no exact expression for P (x, t) is available. Thus,
our results using the Fock space formalism are compared below with direct Monte Carlo
simulations, in which a random particle is allowed to evolve in a bounded space with
jump lengths drawn from the Lévy distribution pα(�), with averages taken over a large
number of runs. At this point, we comment that some care is in order when trying to
compare the continuous time results of the Fock space approach with the discrete time
results from numerical simulations. Indeed, in numerical simulations jumps take place in
discrete time units δt, so that t = nδt with n denoting the number of jumps. Hence, in
order to establish a proper comparison with the results from numerical simulations for
very short times, t � 10, we have employed in the Fock space formalism the discretization
scheme for small times t that is usually considered for the discrete time propagator in
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Figure 2. P (j, t) for α = 3/2 as a function of the position j in a finite domain of
length N = 100, with the starting point (a) at j0 = 9 and (b) at the middle of the
interval, j0 = N/2. Results using the Fock space approach are depicted in circles
for times t = 5 (black), 15 (blue), and 50 (red). No exact solution for P (j, t) is
available for comparison when α 
= 2. Nice agreement is noted with direct Monte
Carlo simulations (solid lines).

quantum mechanics [63], namely, U(0, t) = [U(δt)]n, with U(δt) = I −Hδt and I as
the identity matrix (operator). However, we point that, as the discreteness of t in the
numerical simulations loses relevance for larger times, t� 10, then the results using both
the continuous exponential and discretized forms of U become indistinguishable for such
values of t, as expected.

We first choose the value α = 3/2 in the superdiffusive range. (Hereafter we fix the
scale factor b = 1 in the Lévy distribution (9), unless otherwise indicated.) In this case
equation (12) implies

Iα=3/2(a) =
1

π

[
aΓ(5/3)3F4 (a1 ;b1 ; c)−

a3

9 4
F5 (a2 ;b2 ; c) +

7a5

405
Γ(4/3)3F4 (a3 ;b3 ; c)

]
,

(18)

where Γ and pF q denote the gamma and generalized hypergeometric func-
tions, respectively, with parameters a1 = (1/6, 5/12, 11/12), a2 = (1/2, 3/4, 1, 5/4),
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Figure 3. Probabilities Q0(t) and QN (t) of being absorbed respectively by the
boundary sites at j = 0 and j = N as a function of time t for α = 3/2 in a finite
domain of length N = 100, with the starting point at j0 = 9. Nice agreement is
noted between the Fock space results (circles) and Monte Carlo simulations (stars).

a3 = (5/6, 13/12, 19/12), b1 = (1/3, 1/2, 5/6, 7/6), b2 = (2/3, 5/6, 7/6, 4/3, 3/2), b3 =
(7/6, 3/2, 5/3, 11/6), c = −4a6/729. The off-diagonal Hamiltonian matrix elements are

〈m|H|n〉 = Iα=3/2(|m− n| − 1)− Iα=3/2(|m− n|), (19)

if m 
= n, with m 
= 0, n 
= 0, m 
= N and n 
= N . The first, third and fourth lines of
equation (11) combined with equations (13) and (18) provide the other matrix elements.

Figure 2 shows in circles the results from the Fock space approach with N = 100 and
t = 5, 10, 50, for the Lévy flier starting close to the left boundary (j0 = 9, figure 2(a))
and from the middle of the interval (j0 = N/2, figure 2(b)). For comparison, results from
direct Monte Carlo simulations averaged over 5× 104 random walk runs are depicted
in solid lines. As compared to the Gaussian case α = 2, jump lengths are considerably
larger when 0 < α < 2 (in fact, the mean jump length is infinite for α � 1 in unbounded
space). As a consequence, in this superdiffusive regime the boundary absorbing sites are
reached by the flier in fewer jumps. Accordingly, figure 3 shows the time evolution of
the probability of the Lévy flier being absorbed by the site at j = 0, Q0(t), or by the
site at j = N , QN (t), in good agreement with the numerical simulations. These results
also impact the survival probability function, as discussed below.

We now compare P (x, t) in figure 4 for other values of α with fixed time t. Results
shown are for α = 1/2 (red), 1 (blue), and 3/2 (black), with t = 5, N = 100, and
j0 = 9 (figure 4(a)) and j0 = N/2 (figure 4(b)). In particular, the expressions for the off-
diagonal Hamiltonian matrix elements for α = 1/2 and α = 1 (Cauchy flier) are given,
respectively, in terms of Fresnel integrals and the arctan function (see also appendix
B). For all α a fine comparison is observed between the Fock space and Monte Carlo
simulation results.

The probabilities Q0(t) and QN (t) of being respectively absorbed by the boundary
sites at j = 0 or j = N are intrinsically related to the survival probability S(t), one
of the most relevant quantities in bounded random walk problems [69–71], given for
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Figure 4. P (j, t) for fixed time t = 5 and α = 1/2 (red), 1 (blue), and 3/2 (black),
as a function of the position j in a finite domain of lengthN = 100, with the starting
point (a) at j0 = 9 and (b) at the middle of the interval, j0 = N/2. Results using
the Fock space approach are depicted in circles, whereas Monte Carlo simulations
are shown in solid lines.

Δx ≡ 1 by

S(t) =

N−1∑
j=1

P (j, t) = 1− [Q0(t) +QN(t)] . (20)

In figure 5 we show in circles the Fock space results of S(t) in log–log scale as a function of
t for the α = 2 Brownian flier with b = 1/2 in a larger domain withN = 300 and starting
point j0 = 9 close to the left boundary. Results from numerical simulations are depicted
in solid line. In this case, since long jumps are quite rare when α = 2 the faraway right
boundary at j = 300 is not effectively reached. In practice, this situation resembles that
of a random walker in a semi-infinite domain, in which the Sparre-Andersen theorem
predicts [42, 43] the asymptotic power-law form

S(t) ∼ 1√
t
. (21)
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Figure 5. Log–log plot of the survival probability S(t) as a function of time t for
the α = 2 Gaussian flier in a large extension domain with N = 300 and starting
point j0 = 9 close to the left boundary. Circles and solid line depict, respectively,
the results from the Fock space approach and numerical simulations. In this case
only the left boundary is effectively reached by the flier for the values of t shown.
The long-term behavior is given by the power law S(t) ∼ t−γ (dashed line), with
the best-fit value γ = 0.491.

Although in the present case the Lévy flier actually evolves in a finite domain, so that
the conditions for the Sparre-Andersen theorem are not strictly observed, the long-term
regime of the survival probability in figure 5 (dashed line) is given by S(t) ∼ t−γ, with the
best-fit value γ = 0.491. Consistently, the probability of being absorbed by the faraway
boundary at j = 300 is rather low, 8.3× 10−6 for t = 2000 and 5.4× 10−10 for t = 1000.

A quite interesting dynamical crossover takes place when the other boundary site
also becomes progressively reached. In this case, the power-law behavior observed in
figure 5 is smoothly replaced by an exponentially decaying survival probability [47, 71],

S(t) ∼ e−λt. (22)

In order to capture this change with an α = 2 Gaussian flier (b = 1/2), we considered in
figure 6(a) a narrower interval (in comparison with figure 5), so that the right boundary
site could also be possibly reached in feasible computational times. Indeed, figure 6(a)
displays the Fock space (circles) and numerical simulation (solid lines) results in the
linear-log plot of S(t) as a function of t, with N = 100 and starting points j0 = 9 (black)
and j0 = N/2 (red). We observe in this case that the power-law decay becomes restricted
to the low-t regime, with the exponential decay of S(t) emerging for larger times (dashed
lines).

A similar behavior also occurs for the Cauchy flier with α = 1, as shown in figure 6(b)
with same parameters as in figure 6(a). In this case, however, since jumps are much larger
than when α = 2, the crossover from the power-law to the exponential behavior of S(t)
takes place much earlier. In particular, in equation (22) our best-fit decay rate λ = 0.0239
for α = 1, b = 1 and N = 100 was found to be in excellent agreement with the results
for the same parameters from both discretized Riesz fractional differential operator [28]
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Figure 6. Linear-log plot of the survival probability S(t) as a function of time
t for the (a) α = 2 Gaussian and (b) α = 1 Cauchy fliers in a narrower domain
with N = 100 (in comparison with N = 300 in figure 5). Starting points are j0 = 9
(black) and j0 = N/2 (red). Circles and solid lines depict, respectively, the results
from the Fock space approach and numerical simulations. Dashed lines are fits to
the asymptotic exponential decay behavior, S(t) ∼ e−λt, observed when absorption
takes place in both boundary sites. This contrasts with the asymptotic power-law
behavior in figure 5 when only a single absorbing site (the initially closer one) is
reached.

(λ = 0.0236) and Wiener–Hopf decomposition [47] (λ = 0.0231) techniques (see table 1).
We stress, however, that these methods were not able to provide the short-term behavior
of S(t), which was possible in our approach due to the calculation of P (x, t) for all t.

This similarity of results for λ obtained through different methods might indicate
the existence of some interesting connection between the Fock space formalism and the
spectrum of eigenvalues λk of the fractional Laplacian operator [28, 72, 73]. As stated
in [28], the exact values of λk are not known and their calculation still remains an
open question. As a consequence, the investigation of several associated quantities is
hindered by this fact. For instance, the survival probability can be cast [28] in the form
S(t) =

∑
kake

−|λk|t, so that the smallest eigenvalue |λk=1| (in absolute value) essentially
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Table 1. Decay rate λ of the survival probability S(t), equation (22), obtained from
the present Fock space approach, discretized Riesz fractional differential operator
method [28], and Wiener–Hopf decomposition technique [47].

α This work Reference [28] Reference [47]

1 0.0239 0.0236 0.0231
2 0.001 085 0.000 990 0.000 955

Figure 7. Comparison between the Fock space results (circles) and the exact mean
first passage time, equation (24) (solid lines), of Lévy flights with α = 1, 1/2, 3/2,
in a bounded domain of length L = 100 as a function of the initial position
j0.

determines the long-term behavior of S(t), i.e., λ = |λk=1|. Analogously, we generally find
in the Fock space approach that S(t) =

∑
icie

−μit, with ci and μi > 0 determined from the
calculation of the eigenvalues and eigenvectors of the matrix exp(−tH). Therefore, this
similarity suggests that there can be some relation between the spectrum of eigenstates
λk of the fractional Laplacian operator and the eigenvalue spectrum of the Hamiltonian-
like operator H. Indeed, besides the α = 1 Cauchy case, we also notice for the α = 2
Gaussian regime with N = 100 that our best-fit value λ = 0.001 085 compares nicely
with the results λ = 0.000 990 from [28] and λ = 0.000 955 from [47] (see table 1). This
point deserves a deeper investigation in a future work.

One last issue regards the approach to the continuous space limit by considering
Δx/L→ 0 in the present discrete space formalism. For instance, the mean first passage
time has the exact result for Lévy flights in the bounded continuous space [33, 34, 74],

〈t〉(x0) =
1

Γ(1 + α)
[x0(L− x0)]

α/2. (23)

We notice that the convergence rate of the Fock space results to equation (23) depends
on both α and Δx/L. For example, the maximum relative error with respect to the exact
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Figure 8. Comparison between the Fock space results (circles) and the exact
stationary limit of P (x, t), equation (25) (solid lines), of Lévy flights with α =
1, 1/2, 3/2, 2, as a function of the position j in a bounded domain of length L = 100,
with j0 = L/2 and reflecting boundaries.

expression (i.e., the relative error with the starting point in the middle of the interval,
x0 = L/2) decreases when α = 1 from 0.032 for Δx/L = 0.01 to 0.011 for Δx/L = 0.002,
while when α = 1/2 it decreases from 0.062 for Δx/L = 0.01 to 0.032 for Δx/L = 0.002.
Smaller Δx/L progressively approach the exact result in continuous space, as expected.
We also observe that the convergence takes place much faster (maximum relative error
of 0.004 for Δx/L = 0.01 with α = 1/2) when Pkj in equation (11) is given by the
continuous space approximation [28] Pkj = −A(|k − j|)/A(0) with

A(n) =
Γ(−α/2 + n)Γ(α+ 1)

πΓ(1 + α/2 + n)
sin(πα/2), (24)

for 1 � k, j � N − 1; Pkj for the jumps absorbed by the boundaries at k = 0 and k = N
is calculated by summing (24) over the jump lengths that exceed the distance to the
respective extreme sites. We note, however, that equation (11) in the limit Δx/L→ 0
is quite general and applies to any distribution p(�) of step lengths, while equation (24)
is specific of Lévy flights. The results shown in figure 7 display nice agreement between
equation (23) (solid lines) and the Fock space approach (circles).

We can also apply the Fock space formalism to treat the case with reflecting bound-
aries. In this context, the stationary regime of P (x, t) in the continuous space domain
x ∈ [0,L] and initial position x0 = L/2 is exactly given by [75]

Pst(x) =
L1−α[x(L− x)]α/2−1Γ(α)

[Γ(α/2)]2
. (25)

We observe in figure 8 that equation (25) (solid lines) and the Fock space results (circles)
agree well for a number of values of α. Eventually we note that our Fock space results
cannot reach the singularities of Pst(x) at the boundaries, even though the agreement
apart from the extremes is good.

https://doi.org/10.1088/1742-5468/aba593 16

https://doi.org/10.1088/1742-5468/aba593


J.S
tat.

M
ech.

(2020)
083202
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4. Final remarks and conclusions

In this work we have revisited the problem of computing the probability distribution
P (x, t) and survival probability S(t) of a Lévy random flier on a bounded domain. For so,
we have proposed a different approach based on a representation of its master equation
as a Schrödinger-like equation in Fock space.

Due to the existence of long jumps and superdiffusive dynamics with the Lévy index
in the range 0 < α < 2, the calculation of P (x, t) and S(t) for the bounded Lévy flier
is considerably hindered. The current methods either give asymptotic results or fail
to provide the long-term behavior of observables in the superdiffusive regime. In the
Fock space approach, the Hamiltonian-like matrix can be calculated for any value of the
Lévy index α ∈ (0, 2], and the computation of its set of eigenvalues and eigenvectors in
large systems is performed using a symbolic computing software. Though the Fock space
approach does not provide closed-form expressions for P (x, t) and S(t), our results for
P (x, t) display fine agreement with direct Monte Carlo simulations in the superdiffusive
regime 0 < α < 2 and the method of images in the α = 2 Gaussian limit, for distinct
initial positions and the entire range of times t.

Moreover, our calculation of the survival probability S(t) also provided a nice charac-
terization of both possible long-term asymptotic regimes (power-law and exponential),
depending on whether only one or both absorbing sites are effectively accessed by the
flier. We observe that the present techniques cannot yield [41] the asymptotic power-law
behavior of S(t) for 0 < α < 2, or are not able to determine S(t) in the whole extension
of t, but only in its long-term asymptotic limit. The continuous space limit of the Fock
space formalism is also in good agreement with some exact results of Lévy flights on
bounded domains.

We remark that the Fock space formalism is general enough to be readily extended to
other types of random particles with arbitrary distributions of jump lengths p(�), includ-
ing biased and/or asymmetric ones, different boundary conditions, and even ensembles
of several particles diffusing simultaneously on a bounded domain. Indeed, we emphasize
that while some methods are particularly associated with specific forms of jump length
distributions p(�) (e.g., the discretization of the fractional Laplacian operator related
to the Lévy jump length distribution [28]), the Fock space approach can be promptly
applied to any p(�) inserted in equation (11). In particular, in recent years there has
been a growing interest, in contexts as diverse as random lasers and random search for-
aging, related to less conventional forms of p(�), such as hyper-exponentials, attenuated
power laws, or multiple-scale expressions [19, 20, 76].

We can mention as well a more methodological gain associated with the Fock space
approach. In principle one could argue that it is also possible to generate a matrix
representation of the master equation (2) symbolically by using the transition rates in
equation (11) for a given finite basis, and this procedure would also conceivably lead to
results analogous to ours regardless the Fock space representation. However, the map-
ping between the stochastic and quantum mechanics using the Fock space representation
for Lévy flights has also further striking conceptual and methodological consequences
[77]. It not only entails the access to numerous insights and computational techniques
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for generating and studying the matrix representation of Lévy flights as a Hamiltonian-
like operator and the time evolution operator exp(−tH). It also provides the prospect
of using the powerful set of tools from quantum mechanics for a better understanding of
Lévy flights. At this point, we comment that, although the Fock space approach does not
deal directly with the flier’s single trajectories, just like in quantum mechanics, it pro-
vides P (x, t) and from this information one can calculate all relevant quantities. Also, by
relating the master equation for Lévy flights to Feynman path integrals one may allow
effective perturbation methods to be employed. In another example, time-dependent
quantum perturbation theory has been already applied to estimate the survival proba-
bility in lattice models with an absorbing state [56, 57], and could be employed as well
in the context of Lévy processes. Furthermore, one could also map master equations for
different formulations of Lévy flights onto exactly solvable statistical mechanics models
[78], such as the Ising model or the Potts model, which may generate further analytical
insights in the field.

From the point of view of applications, the Fock space approach employed to
the calculation of P (x, t) can help to improve, for example, the understanding of
interfacial molecular searches using efficient Lévy foraging dynamics, as recently
pointed in the case of the search process of DNA molecules for complementary
DNA [79].

We thus hope that our work can contribute to enhance the understanding and
improve the set of tools available for the statistical physics approach of general bounded
random walks and flights.
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Appendix A. General construction of the Hamiltonian-like operator for a set of
random diffusing particles

Here we discuss, in general terms, the derivation of the Hamiltonian-like operator H,
defined in equation (3), for a system of classical non-interacting identical particles
diffusing randomly on a one-dimensional finite domain of discrete sites j = 0, 1, . . . ,N .

We consider that the number of particles at a given site j is nj = 0, 1, 2, . . . ,Np,
with the total number of particles constrained to Np =

∑
j nj . We also define the vec-

tor n ≡ (n1,n2, . . . ,nN ) and, whenever convenient, we use below the notation n(k,j)

= (n1,n2, . . . ,nk−1,nk+1, . . . ,nj−1,nj+1, . . . ,nN), so that n = (n(k,j),nk,nj).
The quantity P (n, t) is the probability density for a given set n of occupation num-

bers of particles in time t. Single-particle transitions can be represented in the master
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equation [50–53],

∂P (n, t)

∂t
=

∑
j,k

Dkj

[
(nk + 1)P (n(k,j),nk + 1,nj − 1, t)− nk P (n, t)

]
, (26)

in which the transition rate for a particle to jump from site j to site k is proportional to
the number of particles, with proportionality constant Dkj = Djk (symmetrical jumps)
and Djj = 0. (Simultaneous multiple-particle transitions occur with vanishing probabil-
ity.) In a representation of Fock states {|n〉}, the state of the system in time t reads

|ψ(t)〉 =
∑
n

P (n, t) |n〉, (27)

where each set n in the sum above has total number of particles Np, so that

∂

∂t
|ψ(t)〉 =

∑
n

∑
j,k

Dkj

[
(nk + 1)P (n(k,j),nk + 1,nj − 1, t)− nk P (n, t)

]
|n〉.

(28)

Now, by using equation (4) we write

a†j ak|n(k,j),nk + 1,nj − 1〉 = (nk + 1)|n〉, (29)

which implies

∂

∂t
|ψ(t)〉 =

∑
n

∑
j,k

Dkj

{
a†jak P (n(k,j),nk + 1,nj − 1, t)|n(k,j),nk

+ 1,nj − 1〉 − a†kak P (n, t)|n〉
}

=
∑
j,k

Dkj

{
a†jak

∑
n

P (n(i,j),nk + 1,nj − 1, t)|n(k,j),nk

+ 1,nj − 1〉 − a†kak
∑
n

P (n, t)|n〉
}

=

{∑
j,k

Dkj

(
a†jak − a†kak

)}
|ψ(t)〉. (30)

By comparing this result with equation (3), and using that Dkj = Djk and Djj = 0, we
obtain the Hamiltonian-like operator,

H =
∑
j,k

Dkj

(
a†jak − a†kak

)
. (31)

We note that the first term in H can be assigned to the jump of a particle from site k
to j with probability Dkj. The number operator (second term) arises due to the algebra
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of the raising and lowering operators, and are ultimately related to the conservation of
the total number of particles in a jump transition.

In the case of absorbing boundary conditions at the sites j = 0 and j = N (see text
below equation (11)), with Dkk = 0, Dkj = Pkj if j 
= 0 and j 
= N , and Dkj = 0 if j = 0
and j = N , equation (31) becomes equation (10).

Appendix B. Illustrative calculation for a small system

We now provide an illustrative example of the calculation of the Hamiltonian-like matrix
H, equation (13), and the associated forms Q, J and U(0, t) in the simple case of a small
system with N = 5 (i.e., only six sites available to the Lévy flier, j = 0, 1, . . . ,N).

We consider, for instance, the case of the Cauchy flier with α = 1. The integral (12)
for α = 1 reads

Iα=1(a) =
arctan(a)

π
, (32)

from which the off-diagonal elements of the Hamiltonian matrix can be obtained as

[Hα=1]mn = [arctan(|m− n| − 1)− arctan(|m− n|)]/π, (33)

if m 
= n, m 
= 1, n 
= 1, m 
= 6 and n 
= 6. The other matrix elements are calculated
from the first, third and fourth lines of equation (11) combined with equations (13) and
(32). We thus obtain the Hamiltonian matrix for α = 1,

Hα=1 =

⎛
⎜⎜⎜⎜⎜⎝

0 −1/2 −1/4 −0.148 −0.102 0
0 1 −1/4 −0.102 −0.045 0
0 −1/4 1 −1/4 −0.102 0
0 −0.102 −1/4 1 −1/4 0
0 −0.045 −0.102 −1/4 1 0
0 −0.102 −0.148 −1/4 −1/2 0

⎞
⎟⎟⎟⎟⎟⎠ .

We observe that the columns n = 1 and n = 6 are null due to the absorbing sites at the
boundary positions j = 0 and j = N = 5, respectively. Further, we also note that the
sum of each column of Hα=1 is null (we show above only the first three decimal places),
as a consequence of the sum to unit of the total probability for the flier to be anywhere
in the bounded interval.

By using the Jordan decomposition method [65], the matrices Qα=1 and Jα=1 can be
built from the eigenvalues and eigenvectors of Hα=1, yielding

Qα=1 =

⎛
⎜⎜⎜⎜⎜⎝

1 0 0.575 −0.270 0.138 0.05
0 0 −0.247 0.579 −0.554 −0.327
0 0 −0.329 0.303 0.416 0.625
0 0 −0.329 −0.303 0.416 −0.625
0 0 −0.247 −0.579 −0.554 0.327
0 1 0.575 0.270 0.138 −0.05

⎞
⎟⎟⎟⎟⎟⎠
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and

e−tJα=1 =

⎛
⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0
0 1 0 0 0 0
0 0 e−0.485t 0 0 0
0 0 0 e−0.968t 0 0
0 0 0 0 e−1.219t 0
0 0 0 0 0 e−1.327t

⎞
⎟⎟⎟⎟⎟⎟⎠

.

The first two columns in Qα=1 represent the eigenvectors |1, 0, 0, 0, 0, 0〉 and
|0, 0, 0, 0, 0, 1〉, which indicate that, once the boundary site j = 0 or j = 5 is reached,
the flier is absorbed and cannot leave this position. On the other hand, the matrix
Jα=1 is diagonal, with elements given by the eigenvalues of Hα=1. Again, due to the
presence of the boundary absorbing sites two eigenvalues are null, which correspond
to the unit values in the first two columns of exp(−tJα=1). The other eigenvalues of
Hα=1 can be read off from the decay constants in the exponentials above. Finally,
the evolution operator as a function of time t is obtained from the matrix product
Uα=1(0, t) = Qα=1 exp(−tJα=1)Q

−1
α=1, equation (8), where Q−1

α=1 denotes the inverse matrix
of Qα=1.

Any relevant quantity can be calculated from the time evolution operator. For
example, in the specific case with j = j0 = 2 equation (6) leads to the following
exponential decay,

Pα=1(j0, t) = 〈j0|Uα=1(0, t)|j0〉 = 0.320 e−0.485t + 0.180 (e−0.968t + e−1.219t) + 0.393 e−1.327t.

(34)

The above procedure can be applied to any other value of α ∈ (0, 2] by using
equations (11)–(13). In particular, for the values α = 3/2 and α = 2 considered in this
work we use, respectively, equations (18), (19) and (14), (15) to build the Hamiltonian
matrix H and the associated matrices.
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