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a b s t r a c t

One of the most important quantities of interest in the theory of diffusion and transport
is the random walk propagator. For Markovian processes, such as the standard Brownian
random walk and Lévy flights, the functional form of the random walk propagator is
well understood. Similarly, for certain kinds of simple non-Markovian processes, such as
Lévy walks, the problem can be mapped to a solvable Markovian model. However, more
complicated non-Markovian walks pose a challenge. Here we study a non-Markovian
model that is rich enough to exhibit superdiffusion, normal diffusion and subdiffusion
regimes (Kumar, Harbola, and Lindenberg (2010)). We numerically estimate propagators
for this model and obtain good fits with a family of non-Lévy propagators based on the
Tsallis q-exponential function. We conclude that stops and restrictions play similar roles
in the long time limit of the propagator.

© 2019 Elsevier B.V. All rights reserved.

1. Introduction

Many random walks models are Markovian, that is, the current random walk step depends only on a finite number
of previous steps. The Fokker–Planck equations associated with Markovian random walk models can typically be solved
analytically. The random walk propagators in such cases are, in the long time limit, Gaussian, or generalizations thereof,
such as the Lévy α-stable distribution. Although they represent a very ‘‘small’’ subset of the set of all possible random
walk models, Markovian random walks already exhibit a rich variety of behaviors. The root mean squared displacement of
random walks scales in the long time limit typically as ∼ tH with time t , where H is known as the Hurst exponent. Normal
diffusion is characterized by H = 1/2. Anomalous diffusion includes superdiffusion (H > 1/2) as well as subdiffusion
(H < 1/2). Lévy flights are an example of a superdiffusive Markovian walk.

Non-Markovian random walks, not surprisingly, are capable of more complex behavior than even the most exotic
Markovian walks. Genuinely non-Markovian models are capable of generating very long-range correlations in the random
walk steps that can prevent the convergence to stable distributions such as the Gaussian. Hence, in such cases, one does not
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expect the propagator to be a stable distribution. Instead one often finds more exotic behavior [1,2]. Indeed, an important
current problem in statistical physics relates to the study of random walk propagators for non-Markovian models.

It is well known in the literature that subdiffusive behavior is sometimes associated with waiting time distributions
(i.e., pauses between movement steps) that have fat tails, possibly due to effects of memory [3,4]. Superdiffusive behavior
can be associated with step length distributions with fat tails, however, superdiffusion can in fact arise even without fat
tailed propagators, e.g. fractional Brownian motion [5].

Non-Markovian processes are considerably more difficult to study numerically. Very few models have been solved
exactly. In this context, we analyze anomalous diffusion and dynamics in a one-dimensional random walk, arising from
the effects of the memory in a model proposed by Kumar et al. [6] (for a somewhat different but simpler model, see [7]).
Their model is rich enough to exhibit superdiffusion, normal diffusion and subdiffusion regimes. We numerically estimate
propagators for this model and obtain good fits with a family of non-Lévy propagators.

2. Model

In their model, the temporal evolution is given by

xt+1 = xt + σt+1, (1)

where σt+1 represents the possibility of the walker going forward (+1), backward (−1) or remaining motionless (0) at
time t + 1. The position of the walker after n steps is given by

xn =

n∑
k=1

σk, (2)

where σ = 0, ±1. The first step obeys

x1 = +1 with probability s
x1 = −1 with probability 1 − s.

(3)

We have assumed s = 1/2 in what follows.
The model is non-Markovian because σt at time t depends on what happened at all previous times t ′ < t . The walker

chooses σt+1 as follows. First one chooses a random previous time 1 < k < t + 1 from a uniform distribution. Then one
determines σt+1 stochastically according to

σt+1 =

⎧⎨⎩
σk with probability p
−σk with probability q
0 with probability r .

(4)

Note that if the step k was a step of rest then we have σk = 0 so that σt+1 = 0 also. Normalization of probability requires
that p + q + r = 1. We define the memory asymmetry parameter γ = p − q. It can be shown that the variance of the
displacement scales as

⟨x2t ⟩ − ⟨xt⟩2 ∼ tν . (5)

Kumar et al. showed that this model has superdiffusive, subdiffusive and diffusive regimes. In what follows, our goal
is to estimate and describe the propagator for this non-Markovian random walk.

3. The Tsallis q-exponential function

A study of random walks with restricted movements [8] found that the q-Gaussian distribution (defined below in
Eq. (7)) might play a role. It is also known that when relaxation processes are delayed, stretched exponential decay can
take the place of exponential decay. Also, Mendes et al. [9] investigated a nonlinear random walk related to the porous
medium equation and found that the probability of finding the walker in a certain position approximates to a q-Gaussian
distribution. There is some evidence to indicate that the family of q-distributions may play a role in a generalized central
limit theorem that covers nonlinear dynamics [10], for the case where the correlations between the summed random
variables are not exponentially decaying and instead follow some (unknown to us) specific functional form. In fact, this
was investigated by Umarov et al. [11]. In light of the above, here we fit the numerically estimated propagators with
functions that make use of such functions.

The Tsallis q-exponential function is given by

expq(x) =

⎧⎨⎩
exp(x) if q = 1,
[1 + (1 − q)x]1/(1−q) if q ̸= 1 and 1 + (1 − q)x > 0,
0 if q ̸= 1 and 1 + (1 − q)x ≤ 0 .

(6)
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Fig. 1. Semi log histograms (black squares) of a numerically simulated random walk, along with fits (red line) of some subdiffusive cases. The fit
was made with Eq. (8) for same values of parameters of the model: r (the probability of not move) and γ (the parameter of asymmetry of memory).
All the subdiffusive walks are well fitted with Eq. (8). Note the good agreement.
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Fig. 2. Semi log histograms (black squares) of numerically simulated random walks along with fits (red line) for same values of parameters of
the model: r (the probability of not move) and γ (the parameter of asymmetry of memory). From the model we know that the cases (a) and (b)
are a strongly subdiffusive regime, so we fit with an exponential; (c) is a normal diffusion regime, so we fit with a Gaussian; (d) is a marginally
superdiffusive regime, so we fit with Eq. (8); and (e) is a superdiffusive regime fit with Eq. (9). Note the good agreement.
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The q-exponential function allows many other functions to be similarly deformed. For example, the q-Gaussian is given
by

p(x) = p0 expq[−(x/x0)2], (7)

where p0 is a normalization constant and x0 is a characteristic width of the q-Gaussian function.
In this work, we take a phenomenological approach to investigating the usefulness of such q-deformed probability

distributions for modeling the behavior of random walk propagators for the model described above. Our results below
show good agreement between the numerically estimated propagators and the fitting functions.

4. Results

We generated 107 random walks with 105 steps each. The maximum time (tmax = 105) was chosen to ensure good
convergence for the probability density functions used in this study. Figs. 1 and 2 show the histograms for the position
at the maximum time. The data have been fitted using several functions, including the following exponentially modified
q-exponential functions:

p1(x) = A1 · expq1 (−β1|x|) · expq2 (−(β2x)2) , (8)

p2(x) = A2 · (1 + (Bx)2) · expq3 (−β3|x|) , (9)

where (q1; q2) = (1; q2) or (q1; q2) = (q1; 1).
We find good agreement with Eq. (8) for the subdiffusive regime (see Fig. 1(a) to (f)). For the case of strong subdiffusion

(r ≥ 0.8) we find that the decay follows a standard exponential p(x) = A · e−β|x| (see (Fig. 2(a) and (b)). For the normal
diffusion regime the histogram behaves as a standard Gaussian p(x) = A · e−(θx)2 (see Fig. 2(c)). For the case when
γ = 0.5 we also use Eq. (8) to fit the data (see Fig. 2(d)). This case is special because it separates the subdiffusive from
superdiffusive regimes. For the superdiffusive regime we find that Eq. (9) is a good approximation (see Fig. 2(e)).

5. Discussion and conclusion

The effect of stops during a walk plays a role similar to restrictions by possible limitations imposed on the movement
of the random walker. Both stops and restrictions reduce mobility. We observe this effect in the model proposed by Kumar
et al. in which some regimes are ruled approximately by modified q-exponentials and others by modified q-Gaussians.
With the increase of the stop rate, walks tend to generate the Laplace distribution for the positions of the walker. This
case shows that just as restrictions in walks generate q-statistics, similarly the stops, which are essential for generating
sub-diffusive regimes, can also generate q-statistics.

In summary, we have numerically estimated the propagator for a non-Markovian random walk. The model has a rich
phase diagram, with superdiffusive, diffusive and subdiffusive phases. Our results represent strong evidence for deviations
from standard stable distributions. Moreover, our results indicate that stops and restrictions both have similar statistical
effects in the long time behavior. We hope that our results are helpful in furthering the goal of better understanding
non-Markovian processes.

Acknowledgments

J.C.C. and M.A.A.S. acknowledge FAPESP (Grants No. 2016/03918-7 and No. 2017/01176-6) for financial assistance.
G.M.V., L.R.S. and M.A.A.S. thank CNPq for funding. E. C. R. thanks CAPES for funding.

References

[1] M.A.A. da Silva, J.C. Cressoni, G.M. Schütz, G.M. Viswanathan, S. Trimper, Non-gaussian propagator for elephant random walks, Phys. Rev. E 88
(2) (2013) 022115.

[2] J.C. Cressoni, G.M. Viswanathan, A.S. Ferreira, M.A.A. da Silva, Weakly anomalous diffusion with non-gaussian propagators, Phys. Rev. E 86 (2)
(2012) 022103.

[3] A. Pereira, J.P. Fernandes, A.P.F. Atman, J.L. Acebal, Simulation and calibration between parameters of continuous time random walks and
subdifusive model, TEMA (São Carlos) 18 (2) (2017) 305–315.

[4] R. Klages, G. Radons, I.M. Sokolov, Anomalous Transport, Wiley Online Library, 2008.
[5] B.B. Mandelbrot, The Fractal Geometry of Nature, second prt. ed., Times Books, 1982.
[6] N. Kumar, U. Harbola, K. Lindenberg, Memory-induced anomalous dynamics: Emergence of diffusion, subdiffusion, and superdiffusion from a

single random walk model, Phys. Rev. E 82 (2) (2010) 021101.
[7] U. Harbola, N. Kumar, K. Lindenberg, Memory-induced anomalous dynamics in a minimal random walk model, Phys. Rev. E 90 (2) (2014)

022136.
[8] U. Tirnakli, H.J. Jensen, C. Tsallis, Restricted random walk model as a new testing ground for the applicability of q-statistics, EPL (Europhys.

Lett.) 96 (4) (2011) 40008.
[9] R. Dos Santos Mendes, E.K. Lenzi, L.C. Malacarne, S. Picoli, M. Jauregui, Random walks associated with nonlinear fokker–planck equations,

Entropy 19 (4) (2017).
[10] S. Picoli Jr., R. Mendes, L. Malacarne, R. Santos, Q-distributions in complex systems: a brief review, Braz. J. Phys. 39 (2A) (2009) 468–474.
[11] S. Umarov, C. Tsallis, S. Steinberg, On a q-central limit theorem consistent with nonextensive statistical mechanics, Milan J. Math. 76 (1) (2008)

307–328.

http://refhub.elsevier.com/S0378-4371(19)31584-5/sb1
http://refhub.elsevier.com/S0378-4371(19)31584-5/sb1
http://refhub.elsevier.com/S0378-4371(19)31584-5/sb1
http://refhub.elsevier.com/S0378-4371(19)31584-5/sb2
http://refhub.elsevier.com/S0378-4371(19)31584-5/sb2
http://refhub.elsevier.com/S0378-4371(19)31584-5/sb2
http://refhub.elsevier.com/S0378-4371(19)31584-5/sb3
http://refhub.elsevier.com/S0378-4371(19)31584-5/sb3
http://refhub.elsevier.com/S0378-4371(19)31584-5/sb3
http://refhub.elsevier.com/S0378-4371(19)31584-5/sb4
http://refhub.elsevier.com/S0378-4371(19)31584-5/sb5
http://refhub.elsevier.com/S0378-4371(19)31584-5/sb6
http://refhub.elsevier.com/S0378-4371(19)31584-5/sb6
http://refhub.elsevier.com/S0378-4371(19)31584-5/sb6
http://refhub.elsevier.com/S0378-4371(19)31584-5/sb7
http://refhub.elsevier.com/S0378-4371(19)31584-5/sb7
http://refhub.elsevier.com/S0378-4371(19)31584-5/sb7
http://refhub.elsevier.com/S0378-4371(19)31584-5/sb8
http://refhub.elsevier.com/S0378-4371(19)31584-5/sb8
http://refhub.elsevier.com/S0378-4371(19)31584-5/sb8
http://refhub.elsevier.com/S0378-4371(19)31584-5/sb9
http://refhub.elsevier.com/S0378-4371(19)31584-5/sb9
http://refhub.elsevier.com/S0378-4371(19)31584-5/sb9
http://refhub.elsevier.com/S0378-4371(19)31584-5/sb10
http://refhub.elsevier.com/S0378-4371(19)31584-5/sb11
http://refhub.elsevier.com/S0378-4371(19)31584-5/sb11
http://refhub.elsevier.com/S0378-4371(19)31584-5/sb11

	Non-Levy stable random walk propagators for a non-Markovian walk with both superdiffusive and subdiffusive regimes
	Introduction
	Model
	The Tsallis q-exponential function
	Results
	Discussion and conclusion
	Acknowledgments
	References


